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1 Introduction

Duality plays a significant role in understanding various aspects of string theory. T-duality
is one such example which relates low energy effective actions of various string theories
among each other [1, 2]. One of the most familiar description of T-duality widely used in
the literature concerns with U(1) isometry. In this case the duality is not merely relating
the low energy theories among each other but manifests as a symmetry of the full string
theory [3]. A non-trivial generalization of this duality exists for isometries admitting the
structure of a non-Abelian group [4]. However, unlike their Abelian counterparts, these
non-Abelian T-dualities are not extended to full string theory [5]. Instead, they are used
to relate the low energy theories among each other.

Several aspects of the non-Abelian T-duality have been investigated in recent years.
An important development in this area was to generalize this formalism in the presence
of RR fields [6]. This in turn was used as a solution generating technique in supergravity
to obtain new backgrounds. To demonstrate the applicability of this formalism, a SU(2)
sub-group of isometry in the near horizon limit of coincident D3 branes as well as D1 — D5
system has been used to generate a new background in massive type I1A supergravity [6].
An immediate generalization of this construction for non-Abelian T-duals in coset geome-
tries has been carried out [7]. Non-Abelian T-duality for the Plich-Warner background has
been carried out in [8] where the transformation rules for the background RR fields were
derived from Fourier-Mukai transform. These techniques have been applied over and again



to generate several new backgrounds, as well as to relate known backgrounds among each
other [9]. Moreover, the role of non-Abelian T-duality in the context of AdS/CFT corre-
spondence has been explored [10-15]. Interesting connections of these dual geometries with
the Penrose limit [16] of some well known supergravity backgrounds has been established
in this context [17-19].

For a large class of supergravity backgrounds the Penrose limit gives rise to pp-wave
geometry. There has been immense study of the field theory duals for various pp-wave
backgrounds during the last two decades [20]. It has been proven that the pp-wave solutions
provide exact backgrounds to all orders in o’ and g in string theory [21, 22]. Thus they have
become instrumental in the context of AdS/CFT correspondence to construct interacting
string states from the perturbative gauge theory [23]. More recently, the Penrose limits of
non-Abelian T-dual for the orbifolds of AdS5 x S® have been studied in detail [24]. Plane
wave geometry has been obtained by considering the Penrose limit along appropriate null
geodesic and quantization of string theory in the background of this plane wave geometry
has been carried out and the corresponding field theory dual has been constructed.

Blowing up the singularities of orbifolds of S® gives rise to smooth geometries. One
such geometry which has played an interesting role in understanding the AdS/CFT duality
is 71!, This geometry arises as the near horizon limit of coincident D3 branes placed on
a conifold singularity [25]. The field theory dual for AdSs x TH! background was first
constructed by Klebanov and Witten to obtain A/ = 1 SYM theory [26]. Penrose limit
for this background and its field theory dual were also analysed in detail [27-29]. In
the present work, we extend the aforementioned results about the non-Abelian T-duality,
for the Klebanov-Witten background. We consider both Abelian as well as non-Abelian
T-dual geometries and analyze Penrose limits for various null geodesics. We show that
these backgrounds give rise to pp-wave geometries for suitably chosen geodesics. We dis-
cuss quantization of closed strings propagating in some of these pp-wave backgrounds and
comment on the resulting field theory duals. In the following we will first summarise the im-
portant results discussing Penrose limits of the dual backgrounds obtained from AdSs x S°.
We subsequently consider the generalisation of these results to the Klebanov-Witten back-
ground. Finally, we comment on the probable field theory duals for some of the resulting
pp-wave backgrounds.

2 Dual backgrounds from AdSs x S°

We will first consider the Penrose limits from T-duals of AdSs; x S° background. The
background metric is given as

ds* = 4L*( — cosh? rdt* + dr® + sinh® rdQ3 + da? + sin® ad?)
+ L2 cos? a(dl92 + d¢? + dip* + 2 cos qubdw) . (2.1)

Here L is the AdS radius and d€)3 is the round metric on S3. This background is sup-
ported by a self-dual five form field strength F5. The Penrose limit of this background has
been considered in the seminal paper [23]. The field theory dual of the resulting pp-wave
background corresponds to the BMN sector of ' = 4 Super-Yang-Mills theory.



The Abelian T-duality along the ¢ direction [17], after appropriate coordinate redefi-
nitions, gives rise to the metric

L2dy?

cos? o

ds? = 4L*ds*(AdSs) + 4L* dQ3(a, B) + + L? cos® a dQ3(x, €), (2.2)

along with a dilaton ¢, B and a three form field C3. Here ds?(AdSs) is the metric on AdSs
and dQ3(0, ¢) = df? + sin? 0d¢? is the metric on S2. In this background, for motion along
the ¢ direction the null geodesics are {a = 0, x = 7/2} and {a = 7, x = 7/2}. Focusing in
the vicinity of both these geodesics one gets a pp-wave geometry [24]. In addition, pp-waves
are also obtained by considering the geodesic {a = 0, x = 7/2} for motion along ¢ and ¢
directions. The authors of [24] considered quantization of closed string propagating in this
background. However their main focus of discussion was the pp-wave solutions originating
from the non-Abelian T-duals.

After T-dualizing along an SU(2) direction [17], the geometry becomes

a2dp? o212 cos? a

L?cos?a  o2p% + LA cost a

ds® = 4L%ds*(AdSs) + 4L?d03(a, B) + dQ3(x,€).  (2.3)

In this case, however, the motion along the ¢ direction does not admit any pp-wave solution
in the vicinity of any of the null geodesics. To obtain pp-wave solution we need to focus on
motion along p(= o'j/L?) and ¢ direction [24]. In this case, the null geodesic is located at
{x = 7/2,a = 0}. The Lagrangian for a massless particle moving on a null geodesic admits
two cyclic coordinates giving rise to the conservation of energy and angular momentum.
Expanding around the null geodesic and making appropriate coordinate redefinition, one
can bring the resulting pp-wave metric to the standard Brinkmann form [24]:

ds? = 2dudv + dr® + 7 dQ} + da® + 2 dB* + d2? + dw?

-2 2 2 2
7 x +1 (24)
_ 16+16(8J2_1)+(pp4)J222—Fz22—Fww2 du2,
where
4J%(4p°4+1)+3(4J%—1) p* 3
F, — (4p ) ( )p ’ Fy=—-—— " (2.5)

4pt(p?+1)° 4(p2+1)

The NS-NS three form Hs and RR four form Fj hold the following expressions upon taking
the Penrose limit:
1p%+3

2J 241
Hy— - dundsNdw Fy= 225N N dendzndB. (2.6)
2p7+1 9s

The authors of [24] studied propagation of closed strings in this background. Solutions to
the equation of motion are constructed. Further, they have proposed a field theory dual
for this background.



3 Abelian T-dual of Klebanov-Witten background

Our goal in the present work is to generalize these results for the background AdSs X
T1!. This geometry corresponds to the near horizon limit of parallel D3 branes at conical
singularities, and provides one of the earliest examples of the AdS/CFT correspondence.
The metric corresponding to the geometry has the form

d$2 = L2d$2AdS5 + LQdS%«Ll,
alsids5 = —cosh?r dt* + dr? + sinh? r dQ3, .
st = A1 dQ3 (01, ¢1) + A3 dQ3 (62, ¢2) + N (dip + cos §1dgy + cos 02d¢2)2 . (3.3)
Here L is the AdSs radius, and the parameters \, A1, A2 in the TV! metric have the nu-

merical values \? = \3 = é, A2 = é. In addition, the supergravity background contains a
constant dilation ®, and a self-dual RR five form field strength

4
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We will study both Abelian as well as non-Abelian T-duals of this background. We will
first focus on the Abelian T-duality. The brane constructions for the corresponding dual

F5 = —[Vol(AdSs5) — L°Vol(T")]. (3.4)

geometry was studied in detail [30, 31]. They correspond to various intersecting branes in
type IIA string theory. In the following we will consider the Penrose limits for the Abelian
T-duality of this background about some of the U(1) isometry directions.

The background has a manifest U(1) invariance along ¢1, ¢2 and ¢ directions. First
focus on the azimuthal directions (¢1,¢2). There is a symmetry under the exchange of
(01, 1) with (02,¢2). Thus, it would be sufficient to consider the duality along one of
these two directions. Here we will consider the Abelian T-duality along ¢o isometry. It
is straightforward to obtain the dual geometry using the standard rules of T-duality [32].
The duality preserves all the supersymmetries of the Klebanov-Witten background.The
field theory dual corresponding to this background has been analysed [33]. The metric
corresponding to the dual background is given by

A2 sin2 6,
P(02)

(d¢+cos01d¢1)2+L¢%. (3.5)

—2 742 2 2 2 2
L= 2ds :dSAdS5+)\1 d92(017¢1)+d92+ )\%P(GQ)

Here we have used the notation P() = A% cos? 03 + A3 sin? 0. The dilaton and the NS-NS
two form fields are given respectively by

2% L
e ¥ = —2P(62), (3.6)
S
and 12)2 )
L cos B
2=~ (d@ A dip + cos Oydds A d¢1) . (3.7)
The RR two form Fb vanishes, whereas the RR four form F) has the expression
L AL
4 = Lgin 01 sinfy dfy A dopy A dBs A dip . (38)
Js



We will now focus on obtaining Penrose limits for this background. To this end,
consider the geodesic equation

A2zt dz¥ dxf
K —=0. 3.9
du? VP du du (3.9)

Here {z#} are the space-time coordinates and u denotes the affine parameter along the
geodesic. We will consider the motion along some isometry direction. If z#0 is such an
isometry direction, then the velocity as well as acceleration along any z*, u # pg vanish:

dzt d?zH
%ZOZWaM#MO' (3.10)

Substituting the above in (3.9), we find
0" Gopo = 0. (3.11)

To obtain the Penrose limit, we need to focus in the vicinity of null geodesics. Thus, in
addition to the above condition, we must require ds? = 0.

We will now analyse the motion along various isometry directions of the T-dual ge-
ometry (3.5) and obtain the corresponding Penrose limits. Consider first the ¢; isometry.
The geodesic equation along this direction is 0,94,4, = 0. The relevant component of the
metric is

M\2sin? 0,

A2 cos? 0y + A3 sin? 6,

Gore = L? | NIsin?60; + cos? 0y | . (3.12)
The geodesic condition for =0, as well as for p=60; can be solved to obtain ¢ = (0, 5, 7)
and 63 = (0, 5, m) respectively. This gives us four geodesics: {01 = 0,02 = 7/2}, {61 =,
Oy=m/2}, {01 =7/2,0o=0} and {01 =7/2,0,=n}. We first consider the following large L
expansion around the geodesic {#; =0, 0= 7 }:

T z T oz x~ P9

QZ*QZf 7t: + :b+ - 1=
=1 =5+, ax™, ¢1 33+L27¢2 T

r =

(3.13)

while keeping 1 unchanged. Here a and b are unknown parameters. Ignoring the subleading
terms in L — oo limit, we find the T-dual metric to have the following expression

ds? = di? + 72d02 + N2d2? + N2da? — [FZaQ + 5222 (M2 - A%)} (dzt)?
N\ b2 dipda™t — 2dipda™ — 2bdx da™ A42‘al bda )2 + = dg
- [z Ydx™ — 2dpdxT — xw]—)\%m(dJ—F $)+)\7§¢2

e [a2(d:c+)2 — A2(dy + bdaﬁ)ﬂ . (3.14)

Note that the metric diverges in the limit L — oo due to the presence of O(L?) terms.
This divergence occurs because, in this case we have not been able to impose the geodesic
to be null. This amounts to setting

a®(dat)? — N2 (dep + bdz*)? = 0.



Clearly, this can’t be satisfied for any choice of the parameters a and b due to the presence
of the di) term. A similar analysis can be carried out for the geodesic {6 = 7,02 = 7/2},
leading to a divergent metric in the large L expansion.

In contrast, expanding the T-dual metric around the remaining two geodesics gives
rise to pp-wave geometry as we will show currently. Consider first the following expansion
about the geodesic {6 = 7/2,60, = 0}:

7 T oz x x~ P2

r O + =, 02 ) ax™, 1 93+L2,¢2 i

keeping the 1-coordinate unchanged. Here, as before a and b are unknown parameters to
be chosen suitable! in order to obtain

dsy, = 2dz™tda™ +dr* +72dQ3 + d2” + do® + 2> dy® + dgs — 6(F* + 62 — 627) (da ™). (3.16)

Clearly, the background geometry is a pp-wave solution in the standard Brinkmann form.
The background dilaton has the expression

5 1
e = N2, (3.17)
and NS-NS two-form field
By = 26z dgg A da™ | (3.18)
with corresponding field strength
Hs =2v6 dz A dgy A da™ . (3.19)

The RR fields in this limit has the expression

46
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=0, Fy = zdz Ndzt Adx Ady. (3.20)
Taking Penrose limit for the geodesic {#; = 7/2,02 = 7} also leads to a pp wave geom-
etry with the same metric as (3.16). The expressions for the background fields are also
quite similar. We omit the details because the analysis is identical to the aforementioned
discussion.

Now consider motion along the ¢o direction. To obtain the geodesics along this isom-
etry, consider the metric component

L2

= . 3.21
ele A2 cos? 0y + N3 sin? 6, ( )

From the geodesic condition, dp,¢e,s, = 0 we find 2 = (0,7/2, 7). Consider the following
expansion around the geodesic {61 = 0,02 = 0}:

T z T -~
— — + — +
Ea —E,HQ—Z,t—G.YJ,¢2—bx —‘,—ﬁ,
1To get the metric in standard from, we set a = 1/A1,b= 1/)\% and, in addition, we rescale some of the
coordinates as x — v6z, z — V6z, ¢2 — %¢2.

r= (3.22)




keeping ¢; and ¢ unchanged. To remove the O(L?) divergent piece in the metric, we need
to choose a = A\, b = A\2. This choice leads to a null geodesic. With appropriate redefinition
of the x and z coordinates, we find the T-dual metric as

1
ds® = 2daz+dm_+d172+F2dQ§+dz2+z2d¢%+dx2+x2(dz,Z)ergbl)Q—g(7’2+3x2)(daz+)2. (3.23)

Though the metric is now finite, the scalar curvature for this solution is non-zero and
hence it does not correspond to a pp-wave geometry. This is due to the fact that the
geodesic is placed on a singular location. The metric component g4, 4, vanishes for the
values {#; = 0,02 = 0}. This is a generic feature and hence we will no longer consider such
singular geodesics from now on.

Finally, consider the -isometry direction. The null geodesics can be obtained by
considering the g, component of the metric, which is given by

_ g2 M A2 sin? 0y
oo = A2 cos? 0y + A3 sin? 0y

(3.24)

Solving the geodesic condition one obtains #, = (0,7/2,7). For the values 6, = (0,7)
the above metric component vanishes and hence, we do not consider these values here.
Consider the following expansion around the geodesic ¢; = 0 and 0 = 3:

hd 3.25
T 5T T T (3.25)
while keeping the ¢ coordinate unchanged. The leading terms of T-dual metric in the

T =

limit . — oo are given by

4 1
ds? = di? + F2dO2 + N2dz? + \2d2? + [(A% - )\2>x2 - )\22'2] d63 + 3445
2 2

A A2
— [r2a2 + A%bzf] (dzT)? + \? [2bdx+da; —b <x2 + )\%222> dztder + 2dx~ den

e [aZ(dﬁ)? — A2(bdat + d¢1)2} . (3.26)

This contains a divergent term which can’t be removed by any choice of the parameters a
and b. This is because, in this case too, we do not have a null geodesic for any choice of
the parameters a¢ and b. Hence motion along the isometry direction 1 does not lead to any
pp-wave geometry.

In the above, we have considered the Abelian T-duality along ¢o direction and analysed
all the geodesics admitted by this geometry. Some of these geodesics are singular and taking
Penrose limit does not lead to any interesting solution in such cases. Only two of these
geodesics are null. Taking Penrose limit in the vicinity of these two null geodesics leads
to pp wave geometries. An identical result will hold for T-duality along ¢ direction.
We will now focus on the remaining isometry direction . Using the standard rules of
T-duality [32], we obtain

. 1
d3? = L?ds3qg, + L* | \3dQ3 (01, ¢1) + A3dQ3 (02, p2) + Fdwz : (3.27)



Here we have rescaled ¢ — %"¢ in order to get L? as a common factor in the metric and
set o/ = 1 for convenience. The resulting T-dual geometry has the well known product
form AdSs x S? x 52 x S1. Unlike the previous case, the background is non-supersymmetric
in this case. The NS-NS sector also contains a constant dilaton

e2% = A;f i : (3.28)
and a two-form field
By = —L? [cos 01d¢py1 + cos Oqubg] Adi, (3.29)
with field strength
Hs = L? [sin61d0; A dpy + sinfadBz A do] A dip . (3.30)

The RR sector of the resulting background consists of a non-vanishing four-form flux

P AL*ANIN3

4 sin 61 sin 0y dgy A df1 A doa N dbo . (331)

gs

We will now focus on the metric (3.27). Clearly ¢1, ¢2 and 1) are the isometry direc-
tions. Motion along the @ direction does not give any non-trivial constraint. Since the
analysis is identical for both ¢; and ¢9, it will be sufficient to consider geodesics along one
of these directions. For the ¢; isometry direction the condition (3.11) gives 61 = (0, , 7).
However, the singular values 61 = 0 and 7 correspond to points and not curves and hence
we do not have any corresponding geodesics. This leaves behind the choice ) = /2. To
get the Penrose limit, we consider the following large L expansion of the dual metric (3.27)
retaining the leading terms:

_7T z _ﬁl'»' _ + . + T
501_§+5562_Zat_ax7¢1_b$ +ﬁ7

and redefine the string coupling as gs = L g5 to ensure that the dilaton remains finite. To

b=1. 62=8, (332

N~ =

r =

obtain a null geodesic we must impose the condition a = A;b. In addition, we set A\3b = 1
and make the co-ordinate redifinitions z* = u, =~ = v, z = V62, © — V62, y — %y to
bring the resulting pp-wave metric to the standard form:

ds® = 2dudv + di* + 72dQ% + d2* + da® + 22dB? + dy® — 6(7* + 62°)du’. (3.33)

The expressions for the dilaton and NS-NS three-form flux in this limit are given as:

- )\2
e =2 (3.34)
and
Hs =2V6 dz Adu A dy . (3.35)
Field strengths for the RR fluxes have the expression:
A - 4
F,=0, Fy = \/633 duNdz NdB N dx. (3.36)

37s



The null geodesics can also carry angular momentum. To obtain such a geodesic,
we consider motion along ¢; and v directions. The geodesic equation now implies that
01 =7/2, 0 = 0. Consider the Lagrangian for a massless particle moving along this
geodesic:

1 .
L= SguX"X". (3.37)

Here we choose u to be the affine parameter and the dots denote derivative with respect
to it. Substituting the explicit expression for the background metric (3.27) in the above

Lagrangian we find
L2 5 1.5 .

Clearly, the conjugate momenta corresponding to the generalized coordinates ¢, ¢; and ¥
are conserved. Suitably choosing the affine parameter u we set

oL .
— = L% =-I".
ot
Denoting J to be the conserved quantity associated with the variable ¢;, we have
oL 1.
= =L =—JL*.
g 6

The conserved momentum with respect to the variable 1) however can no longer be arbitrary.
It has to be determined by requiring the geodesic to be null, i.e., we set £ = 0. We find

o1

v =5 (1-67%), (3.39)

which upon integration gives
1
)= §V1 —6J% u.

Here we set the constant of integration to zero. From the above expression we find that in
order to get a real value for ¢ the angular momentum J must be bounded by

1
OSJS%. (3.40)

To obtain the Penrose limit for a null geodesic carrying angular momentum J on the
(¢, ¢1) plane around r = 0, 6y = 5, 2 = 0, we redefine the coordinates

T ™ z

x
r—L,91—§+f,92—f, (3.41)
and consider the following expansion in the limit L. — oo:
d d d
dt = crdu, dop = codu + 63%0, dip = cqdu + C5Tw + cGL—;} . (3.42)

Requiring the geodesic to be null sets the constant coefficients c1, co and ¢4 the values

1
Cc1 = 1, Cy) = —6J, Cq = g\/ 1-— 6J2 . (3.43)



The metric, in addition contains a (O(L) which can be removed upon requiring
Meoes + %04% = 0. Normalizing the coefficient of dw? to unity gives the condition

)\%cg + %cg = 1. Similarly, appropriate normalization of the cross term 2dudv gives
435 = 1. These condition can be solved uniquely to obtain the remaining coefficients

c3, c5 and cg. We find

(3.44)

= 4/6 1—6J2 c \/>
TV 3\/71—&72

The resulting pp-wave metric after a rescaling z — v/6x, z — v/62z has the expression
ds,, = 2dudv + di* + 7FdQ3 + d2* + do® + 2°dB° + dw® — (7 + 36.J°2%)du®.  (3.45)
The background dilaton and Bj field are found to be

. 2
efmz%, By = 22 dw A du + 22\/1 — 6J2 dB A du, (3.46)
g2

with the corresponding three form flux
Hs =2 dz Adw A du+ 221 —6J2 de AdB A du. (3.47)

In addition, the RR fluxes have the limit

A A 4+/6
F, =0, Fy = 3{

gs

Jr duNdz Ndx Ndf . (3.48)

Before closing this section, we note that all the pp-wave backgrounds we have obtained
in this paper do indeed satisfy the supergravity equations. In the following, we demonstrate
this for the background specified by egs. (3.45)—(3.48). For type-ITA supergravity, the
Bianchi identity and gauge field equation are given as

dHs =0, dF5, =0, dFy = H3 A\ Iy,
5 1
d(e—2‘1>*H)—FQA*F4—§F4AF4:0,
dxFy+ HsANxFy =0,
dxFy+ H3NFy=0. (3.49)

A quick inspection of the background shows that the Bianchi identities are indeed satisfied.
The equation of motion for Bs is satisfied for our background, because the dilaton is
constant, F5 = 0 and Fy A Fy = 0. Further, the hodge dual of Hs, given by

*ngz(dxAdﬁ+\/1—6J2 dz/\dw)/\du/\d(h

is closed. To verify the F, equation of motion, note that Fs is zero and

4
X/EJ du A d

9s

*F4 =

and hence H3 A *Fy = 0. The last equation holds because *F} is closed and H3 A Fy = 0.

~10 -



The equations of motion for metric and dilaton are given as

s 1o ap|l o Lo 1 Lo 1 5
Ryw+2D,D,® = ZHWJF@ §(F2 )MV+E(F4)MV_ZQNV §F2 +@F4 ;
A A 1
R+4D2<I>—4(8<I>)2—EH2:0. (3.50)
To verify these equations, note that ® = const, H? = F? =0 = R. A straightforward

computation shows that only the uu-components of R, , HZV and (F. 42 ) v are non-vanishing.
They are given by

H2, =16 —48J%, (F})yu = 64J°%/G%, and Ry, = 4+ 36J°. (3.51)
Substitution the above we can see that the corresponding equations of motion are indeed
satisfied.
4 Quantization of closed strings propagating in the pp-wave geometry
In this section we will study the quantization of closed strings propagating in the pp-wave
background. We will focus on the pp-wave solution (3.45) carrying an angular momentum

which has been obtained from the dual geometry by performing an Abelian T-duality along
1-isometry. The string world sheet action is given by

S =- / drdo [\/ﬁga’BGWaaXuagX” + €P B0, X105 X" + o/ \/g R<2>c1>] C(41)

iV e%

Here {«, 8} denote the worldsheet coordinates (7, 0) and {u, v} denote the spacetime coor-
dinates, G, is the background metric, B, and ® are the background NS-N§S two-form and
dilaton respectively. We choose the convention €’ = —e?” = 1 and gauge fix the world-
sheet metric g,z such that \/ﬁgaﬁ =8 with =1, = 7,6 = 1. Further, we designate the
string coordinates in the manner

U=u, V=uv, (X"X%X* X% er Qs (X>, X% €a,8, (X", X €2z,w, (42)

and consider the light cone gauge U = 7 with p* = 1 in order to fix the residual dif-
feomorphism invariance. The worldsheet action for the pp wave background (3.45) then
becomes

8 4
— 1 i % )2 8 7T 7 8
S = 47m//d7-da[;8X.aX +;(X) + X%0,X" - X"9,X

— (X2 V1 -6J29,X5 +36J%(X")?|. (4.3)

- 11 -



In the above the inner product is defined with 7n,5. The corresponding Euler-Lagrange
equations are given as

OX'—X'=0, i=1,2234, (
OX°++vV1-6J2 X% 9,X°=0, (
0x°%—+v1-6J2 X°9,X°=0, (

1
OX7 —36J°X" + 3 9, X2=0, (
1
OX® — 3 9, X" =0. (4.8)

The first of the above equations, eq. (4.4) is a linear equation involving the uncoupled
—iwt+ino

fields X*?,i = 1,...,4. Considering an ansatz of the form X ~ e , it is straightfor-

ward to obtain the frequencies of the respective modes

w2.o=n’4+1,i=1,...,4. (4.9)

nag

The last two equations involving X7 and X® can be decoupled giving rise to two fourth
order linear partial differential equations with corresponding mode frequencies
2 2 1 2 59 5] .
W2i=n +§[36J +/(36.72) —i—n},z:?,& (4.10)
These modes can be related to the fourth order Pais-Uhlenbeck oscillator as in the case of

the Pilch-Warner background [34]. The equations involving X° and X® can be combined
into a single complex differential equation. Defining Z = X% +iX?, we find

DZ+% V1—-6J2(Z—-2) 0,Z=0 (4.11)

This corresponds to a non-linear complex harmonic oscillator for which the exact analytic
solutions can’t be obtained. However, for small value of v/1 — 6J2 we can use perturbation
theory to obtain the frequencies of the oscillating modes.

5 The non-Abelian T-dual of the Klebanov-Witten background

In this section, we will discuss the non-Abelian T-duality of AdSs x Th! background.
This background arises upon placing D3-branes at the tip of a conifold. The field theory
dual has been constructed by Klebanov and Witten [25, 26]. The non-Abelian T-duality
on a subgroup of the symmetry group of the internal manifold 7! has been carried out
in [11-13].2 An extensive study of this T-dual background was carried out [14]. Unlike the
AdSs x S° case, here the non-Abelian T-duality preserves all the supersymmetries of the
original background [36-39].% In the following we will briefly review the dual background.

2See also [35] for a detailed discussion on some classical sting solutions of the non-Abelian T-dual
background.

3We are grateful to N.T. Macpherson for explaining us the susy conditions along with providing us
appropriate references.
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Subsequently, we will discuss the Penrose limits along various null geodesics of the resulting
geometry.

The T-dual solution that we consider here has been studied in detail in [10-15]. The
background geometry is specified by the metric

d§* = L*dsigg, + L*ds5..1 (5.1)
with
A _ 12 2 )‘%)‘2 2 2 i 2 242 2 2 4 2
dSTl,l == )\1dQ2 (91, ¢1) + A 1'10'3 + A (fEl + )\ )\2>d$1 + (1'2 + )\2)d$2 + 2$1.’E2d$1d$2 s
(5.2)
and
A =22t + N (23 + A3), 03 =dy + cosfide . (5.3)

Here we have done appropriate rescaling of the coordinates 1 and xo in order to get an
overall factor of L? in the metric. The NS-NS two-form of the dual background is given by

the expression
)\2 L2

By = — A [mlxgdxl + <x§ + )\%) d:zg} Nog, (5.4)
along with the dilaton
o 8LS
e = —A. (5.5)
9s

The corresponding NS-NS three form flux is given by

)\2
AT [)\23:1 + Ny <a:2 + /\4) — 2\2z 23 4+ 231 (a:2 + /\2>] dxy ANdxa Nog

)\2L2
A
The RR sector of the background is described by the field strengths

Hs =

[:ledenl + (1:% + )\%) d$2:| sin 01df, A d¢r . (5.6)

. 8V2
By = ;f)\ 414 gin Oyd A d6; (5.7)
S
and
by = 8{ )\4% sinfydey A dby Aoy A (A%xldxg - A%del) . (5.8)

It has been shown that [10, 11] this background solves the type ITA supergravity equations
preserving N’ = 1 supersymmetry.

We will now focus on the Penrose limits around various null geodesics of the above
dual geometry. We consider motion along the isometry directions ¢; and 1. Let us first
focus on ¢i-isometry. The relevant metric component is

22
Girey = L? | Nisin? 6 + )\A/\ z3 cos® 6y | . (5.9)

This component has non-trivial dependence on z1,x2 and 6;. The geodesic condition
Ougg ¢ = 0 gives 1 = 0,01 = 7/2 for p = x1, and xy = 0 = 29,0, = 7/2 for p = xo. For
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the choice u = 6; this gives rise to the values 6; = (0,7/2, 7). Clearly the only non-singular
choice for a geodesic is 1 = 0, 2 = 0 and 0; = 7/2. We will make the following large L
expansion around this geodesic:

T U Y2 Tz, 4T
T—Z,xl—f,$2—f,91—§+z,t—a$,<Z51—b$ +ﬁ’ (5.10)

while keeping the v-coordinate unchanged. The parameters a and b are chosen to be 1/A;
and 1/ )\% respectively. Further, we redefine the coordinates as x™ = u, 2~ = v and rescale
2z — 6z, y1 = y1/V6, y2 — y2/3. The leading order terms of the metric in the limit
L — oo gives

ds? = 2dudv + di® + 72dQ3 + dz2* + dyi + yidy?® + dys — 6(7 + 62%)du’. (5.11)

This is indeed a pp-wave solution in the standard Brinkmann form. Interestingly, the
pp-wave metric in the above is identical to the metric (3.33), we have obtained from the
Abelian T-dual background.

We will now focus on other background fields. In order to keep the dilaton finite, we
redefine the string coupling as

gs = L3gs . (5.12)

With this redefinition, the dilaton takes the form

e=2% = %AQ)\%. (5.13)

In this limit, the NS-NS two-form field on the other hand becomes
By = 2v62 dys A du, (5.14)
with the corresponding three-form flux

Hs =2v6 duAdz A dys . (5.15)

The RR fields at Penrose limit are given as

8
3v/33s

The motion on along the -isometry however does not give pp-wave geometry as we

By = duNdz, Fy=0. (5.16)

will see in the following. The relevant component of the metric is

AZN2
Gy = L QA z?. (5.17)

From the above we obtain the geodesic o2 = 0,67 = 0. Consider the following expansion

, t=ax", 1/1sz++%, (5.18)

RN
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while keeping x1 and ¢; coordinates unchanged. The leading terms of the dual metric in
L — 0o becomes

ds* = )2 +dP?+72dQ5+ N d2 + M\ 2P d g

[ ba? datde” +223de doy —ba? 22da T dgy — 2223 dg?

Ny 1
Pl 1(bd tpdgy)? /\ng(:L’%—i—)\%/\?)dx%—Aédy%—?xlyzdxldyz}

1
> _Z{Z

2
—L2a2(dm+)2+LZ [A%A%f {(bdx++d¢1)2+2bdx+d¢1}+ (x%—i—)\%)\z)dxﬂ (5.19)

where,

D =A%t + A%\ (5.20)

In this case too the geodesic is not null for any choice of the parameters a and b. This is
reflected by the appearance of the divergent term in the metric. Hence the motion along
1-isometry does not give pp-wave geometry.

6 Closed string quantization on the PP wave

We will now study the quantization of a closed string propagating in the pp-wave back-
ground (5.11), derived in the last section. The worldsheet action is given by

S=-

o [ drdo V97 G 0a X105 X" + € By, 0u X195X" + o Vg R0 . (6.1)
T

As before, we will use the notation €’ = —e°” = 1 and gauge fix the metric as \/§g°‘5 = n*P
with the convention —n,r = 1,, = 1. We assign string coordinates as

U=u, V=u, (XI,XQ,X3,X4> €70, (X5,X6) € y1, 1, (X7,X8) €z ys. (6.2)

Further, we fix the residual diffeomorphism invariance considering the light cone gauge
U = 7 with p™ = 1. The worldsheet action for the pp-wave background (5.11) becomes

4
S=—— [ drdo 0X'. 0X' +6 (Z(Xi)2 + 6(X7)2) —V6X79,X8 + \/6X880X7] .
™
i=1
(6.3)
The equations of motion for the scalar fields in the above action are given by
OX'—6X'=0, i=1,2,34, (6.4)
OX'=0, i=5,6,
1
OX7—36X7 + 5\/6 9, X8 =0, (6.6)
1
Ox® — 5\/6’ 9, X" =0. (6.7)
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To obtain the oscillator frequencies we consider an ansatz of the form X! ~ e~witino,
We find

wh i =n’+6, i=1,2,3,4, (6.8)
wy ;= n?, i=5,6,

1
wli=n?+ 5 [36+ /B 6n7 |, =T, (6.10)

7 Field theory duals

In the previous discussion we have seen that taking the Penrose limit gives rise to pp wave
geometries for smooth null geodesics, both in the case of Abelian as well as non-Abelian T-
dual backgrounds from AdSs x T'!. Here we will discuss the underlying field theory duals.
We will first consider the Abelian T-duals. The field theory duals for these backgrounds
has been constructed in [30] and [31]. They correspond to a system of intersecting D4 —
NS5 — NS5 branes where the NS5 branes are rotated appropriately and the D4 branes
are stretched in between. Here we will study the field theory dual of the corresponding
pp-wave geometries.

In the limit of large F5 flux, the string coupling becomes weak and hence the pp-wave
background can be treated semi-classically. To show this, note that the type ITA and type
IIB string couplings g2 and g are related among each other as g7 = g;“L. In order to
get a finite dilaton in the Penrose limit we have rescaled the string coupling of the T-dual
geometry as gs = gf/L. Hence, the I1B string coupling is related to g;“ as g8 = L?g,. For
the Klebanov-Witten background the size L of AdS5 space is quantized in terms of the Fj

flux N3 as [33]:
2
4= Z77rgsB2Ng. (7.1)
Thus we find

Gs ~ NG (7.2)

This shows that, in the limit of large N3 the string coupling gs; becomes negligible. Thus,
it seems plausible to use semi-classical analysis to compute the spectrum for our purpose.

The construction of the field theory dual is as follows [30, 31]. It describes the dynamics
of massless strings arising from IN-D4 branes stretched across two orthogonal NS5 branes
located on a circle. The spectrum consists of two chiral multiplets Ay, Ay in the (N, N)
representation and two more chiral multiplets By, B in the (IV, N) representation of the
SU(N) x SU(N) gauge group, with superpotential

1 ..
W = iewekl Tr[A;ByA;B)], i,j,...=1,2. (7.3)

There is an underlying SU(2) 4 x SU(2) 5 x U(1) g global symmetry preserved by the theory.
The fields (A;, A2) form a doublet under the SU(2) 4 subgroup of the global symmetry and
similarly (B, B2) form a doublet under SU(2)p. The R-symmetry U(1)pr originates due
to a shift along the circle coordinate, and all the fields A;, Ao, By, By transform by the
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same phase under this symmetry. Let us denote J; and Js to be the Cartan generators of
SU(2)4 and SU(2)p respectively and let J3 be the generator of U(1)p.
This field theory system is dual to the T-dual geometry specified by the metric (3.27):

R 1
d3® = L?dsiqs, + L? | A1dQ3 (01, ¢1) + A3dQ3 (02, ¢2) + ﬁdw :

The SU(2) 4 and SU(2)  are identified with the symmetries of the two spheres parametrized
by (01, ¢1) and (62, ¢2) and the R-symmetry U(1)g is identified with the shift along the -
direction. The generators J; and Jo correspond to the shift in the azimuthal coordinates ¢
and ¢9 respectively and Js corresponds to shift in ¢. The BMN sector for the field theory
dual has been constructed [29]. The state operator correspondence is naturally described in
terms of the conifold coordinates Z1 = A1By, Zy = AsBs, Z3 = A1Bo, Zy = A2By. Setting
the light cone Hamiltonian H = A — (J; + Ja + J3), it can be shown that the operator Z;
has H = 0 and corresponds to the ground state. The first excited state, with H = 1 is
described in terms of the operators Z3, Z4 and the covariant derivatives D;Z;.

This is in contrast to what we observe in closed string quantization of the pp-wave
geometry (3.45), corresponding to the Abelian T-dual background. From (4.10) we find

the frequencies corresponding to n = 0 modes as*

Wo,i = 1, 1=1,2,3,4,

wo, 74,8+ = 6J,
wWo,7—8— = 0. (74)

This mismatch, however, is not surprising. Large effective interaction cause the energies of
the states to change. A similar phenomenon has been observed for the pp wave background
corresponding to the Abelian T-dual of AdS5 x S® geometry [24].

For the non-Abelian T-dual background of AdSs x T1!, the field theory dual have been
first proposed in [11] and subsequently, with suitable modification, analysed extensively
in [33]. The dual theory is conjectured to arise from an intersecting D4 — NS5 — NS5
brane configuration. Due to Myers effect, the D4 branes are blown into a stack of D6
branes on a sphere in the presence of By field. The NS5 and NS5 branes are located at
various points on the radial direction and are transverse to two different S%s. One NS5’
brane is placed between two consecutive NS5 branes. Due to large gauge transformation,
the D4 brane charge changes by a fixed amount each time a N.S5 brane is crossed. The dual
theory consists of a two tailed linear quiver with gauge groups of increasing rank at each
node and matter fields in the bifundamental of each pair of nodes with a suitably added
flavour group at the middle. The holographic dual corresponding to the pp-wave geometry
resulting from the non-Abelian T-dual background will correspond to a class of operators
in this quiver theory. Note that the construction of the field theory dual in [33] was mainly
based on the brane charges arising from the supergravity background and the scaling of

“We need not worry about the modes corresponding to the non-linear oscillators here. For small value
of v/1 —6J2 it can be shown using perturbation theory that the lowest mode will correspond to n = 1 and
will have a higher frequency than the above modes.
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the central charge. The central charge corresponding to the quiver theory was computed
using a-maximisation and was shown to agree with the holographic entanglement entropy
computed from the background associated with the supergravity dual [33]. Naively one
might expect that a similar analysis can also be carried out for the corresponding pp-wave
background. However, care must be taken in the present case because the pp-wave geometry
is obtained in zooming a particular region and hence it is globally not complete [33]. In
this case, the holographic entanglement entropy can be computed, as in [15] by imposing a
hard cutoff on the non-compact directions. However the field theory interpretation of this
quantity is not clear. It might correspond to the entanglement entropy in some excited
state of the dual field theory.

8 Conclusion

In this paper we have studied the Abelian as well as non-Abelian T-dual geometries arising
from the Klebanov-Witten background. Though the Abelian T-duality is an exact sym-
metry of the string theory, the dual description is some times more convenient to study
the Penrose limits. The non-Abelian T-duality provides new supergravity solutions. We
considered various null geodesics of the resulting dual theories and obtained the Penrose
limits. Some of these geodesics are singular while the remaining admit pp-wave geometries.
We quantized closed strings propagating in these pp-wave backgrounds. We have briefly
analysed the corresponding field theory duals. For the non-Abelian case the holographic
dual of the pp-wave geometry corresponds to a sector of operators of a quiver theory with
gauge groups of increasing rank. Further investigation is required to identify this BNM
sector and to establish a precise mapping between holographically computed quantities and
field theory observables. It would also be interesting to explore the possibility of obtaining
pp-wave geometries for non-Abelian duals of string theory compactified on TP as well as
backgrounds with AdSs factors. We hope to report on some of these issues in future.
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A Bulk modes

The bulk modes play an important role in obtaining the spectrum of the dual field theory.
In order to understand the holographic dual of the pp-wave geometry obtained from the
non-Abelian T-dual of AdSs x 7! we will consider a non-interacting, massless scalar field
in this background and obtain the corresponding bulk modes. The pp-wave metric we are
interested in is

ds2, = 2dudv + dr* + 72dQ3 + d2° + dyi + yidy® + dys — 6(7 + 62°)du” . (A1)

In order to obtain the bulk modes we will rewrite the above metric in a convenient form.
We assign coordinates X% i = 1,...,4 to parametrize the R* part {7, Q3}, relabel the R?
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factor parametrized by {y1,1} as {X°, X¢} and the R? factor in {z,92} as {X7, X®} while
leaving the light cone coordinates {u,v} intact. The metric now takes the form

ds2, = 2dudv — 6 [i(){i)2 +6(XT)?| du? + i (dx7)?. (A.2)
i=1 =1
The NS-NS and RR fields in this coordinate system are given by
By = 2v6X7 dX8 Adu, e 2 = ;2)\2)\§, (A.3)
and A g A 8
By = T du NdX", Fy=0. (A.4)

This geometry preserves SO(4) x SO(2) x U(1) symmetry. Rotations in X', X2 X3, x4
gives rise to the SO(4) factor and rotations in X°, X% gives rise to the SO(2). There is
an additional translational symmetry giving rise to U(1) symmetry. Note that, in contrast
the background AdSs x Th! has SO(2,4) x SU(2) x SU(2) x U(1) symmetry whereas the
non-Abelian T-dual geometry possesses SO(2,4) x SU(2) x U(1). Taking Penrose limit this
symmetry reduces to SO(4) x SO(2) x U(1).

We consider a massless scalar field ® in this background for which the equation of
motion is given by

0% =0, (A.5)

with the Laplacian
4

D (X +6(XT)

=1

O = 28,0, + 6 % + Z 0%, . (A.6)

To solve this wave equation, we use the method of separation of variables. Set
O(u,v,X7) = f(u,v)g(X").

The wave equation gives

20,0, f - N2 7\2 83]” DBQ(Xi) _ A
f<“’“>+6[;(X) +6(X)]f(u’v)+ P OREA (A7)
Setting the ansatz f(u,v) ~ e Pv?=Pu¥) e obtain
4
Osg(X') — 6p; [Z(Xi)Q + 6(X7)2] 9(X") + 2pupug(X*) = 0. (A.8)
i=1

This equation now has a familiar Harmonic oscillator form whose solutions are given in
terms of well known Hermite polynomials. We find

4 2
O(u, v Xi) :ei(pvvfpuu+C5X5+06X6+08X8) 67 n7 fX7 H fX])
(A.9)
Here p,,p, are the conserved canonical momenta along u and v direction respectively.
For convenience we have used the notation a? = 6p2, 3% = 36p3,228 1 Z = 2pypy, and

n; = (c2a — 1)/2 in the above expression.
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