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We propose a class of incompatibility measures for quantum observables based on quantifying the
effect of a measurement of one observable on the statistics of the outcomes of another. Specifically,
for a pair of observables A and B with purely discrete spectra, we compare the following two
probability distributions: one resulting from a measurement of A followed by a measurement of B
on a given state, and the other obtained from a measurement of B alone on the same state. We
show that maximizing the distance between these two distributions over all states yields a valid
measure of the incompatibility of observables A and B, which is zero if and only if they commute
and is strictly greater than zero (and less than or equal to one) otherwise.

For finite dimensional systems, we obtain a tight upper bound on the incompatibility of any pair of
observables and show that the bound is attained when the observables are totally non-degenerate and
associated with mutually unbiased bases. In the process, we also establish an important connection
between the incompatibility of a pair of observables and the maximal disturbances due to their
measurements. Finally, we indicate how these measures of incompatibility and disturbance can
be extended to the more general class of non-projective measurements. In particular, we obtain a
non-trivial upper bound on the incompatibility of one Lüders instrument with another.

A central feature of quantum theory that lies at the
heart of several quantum information processing and
cryptographic tasks is the existence of incompatible ob-
servables. In quantum theory, compatible observables
correspond to a set of commuting self-adjoint opera-
tors. Since their eigen-projectors also commute, there ex-
ists a joint probability distribution associated with such
a set of observables. For non-commuting observables,
however, there does not exist a joint probability distri-
bution (which is affine in the density operator) whose
marginals give the distributions for the individual observ-
ables. Quantifying this incompatibility of a set of non-
commuting observables is an intriguing question with
consequences for both quantum foundations and quan-
tum information theory.

Heisenberg’s celebrated uncertainty relation provided
the first quantitative statement on the incompatibility of
a pair of conjugate observables [1], by providing a bound
on the product of their variances. More recently, state-
independent bounds on the sum of uncertainties of gen-
eral sets of observables have been obtained via entropic
uncertainty relations (EURs) [2–4], and these are often
considered to be providing a measure of incompatibility.
However, EURs give rise to trivial bounds when the ob-
servables share even a single common eigenvector. While
the lower bound on the sum of uncertainties does indeed
capture the incompatibility of a large class of observables,
this lower bound cannot be thought of as a measure of in-
compatibility in general, since it vanishes when the set of
non-commuting observables share even a single common
eigenvector. Rather, as pointed out recently [5], uncer-
tainty relations must be viewed as merely a consequence
of the incompatibility of observables.

A new, operational approach to quantifying incom-

patibility was proposed in [5], based on the notion of
accessible fidelity [6]. The measure Q defined in [5]
captures the incompatibility of a set of (totally non-
degenerate) non-commuting observables as manifest in
the non-orthogonality of their eigenstates.

In this paper we consider a different operational set-
ting for defining incompatibility, which is closer in spirit
to the original formulation due to Heisenberg and oth-
ers of the uncertainty relation. We introduce a class of
incompatibility measures which are based on estimating
the change due to a measurement of one observable on
the statistics of the outcomes of another. If a pair of
observables A and B commute, then, a measurement of
B, which follows a measurement of A, yields the same
measurement statistics as a measurement of B alone, on
all states. However, if A and B do not commute, A and
B are not jointly measurable, and, there exist states on
which a measurement of A disturbs the system in such a
way that a subsequent measurement of B yields proba-
bilities very different from those associated with a mea-
surement of B alone. The distance between these two
probability distributions – one resulting from a measure-
ment of B following a measurement of A and the other
resulting from a measurement of B alone – can thus be
viewed as a measure of the effect of a measurement of A
on the outcomes of a measurement of B, for each given
state. Maximizing this over all the states of the system
gives a measure of incompatibility that is naturally state-
independent.

We are thus lead to an entire class of measures of
incompatibility, which are obtained by choosing differ-
ent measures of distance between probability distribu-
tions. Each of these incompatibility measures is zero for
a pair of observables if and only if the observables com-
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mute. Furthermore, this class of measures always yields a
strictly positive value for the incompatibility even when
the observables in question share some common eigen-
states but do not commute over the entire space – unlike
uncertainty relations, which invariably yield a zero lower
bound in such cases.
The paper is organized as follows. In Section I we re-

view the relevant distance measures between probability
distributions and use them to define a class of incompat-
ibility measures between observables. In Section II we
prove that the incompatibility of observable A with B is
bounded by the maximal disturbance due to a measure-
ment of A. In Section III we focus on the finite dimen-
sional case and prove a tight upper bound for the fidelity-
based incompatibility measure. We also show that the
upper bound is attained for mutually unbiased observ-
ables. Finally, in Section IV, we show how the measures
introduced here can be extended for the case of general
quantum measurements, beyond the class of projective
measurements.

I. A NEW CLASS OF INCOMPATIBILITY

MEASURES

A. Distance measures for classical probability

distributions and quantum states

Given a pair of discrete probability distributions P ∼
{pi} and Q ∼ {qj}, we consider the following three mea-
sures of distance between P and Q [7, 8]:

(i) Variational Distance or L1-Distance :

D1(P,Q) ≡ 1

2

∑

i

|pi − qi|

(ii) Fidelity-based Distance :

DF (P,Q) ≡ 1− (F (P,Q))2,

where the Fidelity F (P,Q) (also known as the
Bhattacharyya Distance) is defined as

F (P,Q) ≡
∑

i

√
pi
√
qi

(iii) Chebyshev Distance or L∞-Distance :

D∞(P,Q) ≡ max
i

|pi − qi|

All three distance measures satisfy:

0 ≤ Dα(P,Q) ≤ 1, (α ∈ {1, F,∞})

with Dα(P,Q) = 0 if and only if P and Q are identi-
cal. Furthermore, D1(P,Q) and D∞(P,Q) are metrics

on the space of probability distributions, that is, they
are symmetric

Dα(P,Q) = Dα(Q,P ), (α = 1,∞)

and, for three probability distributions P,Q, S, the tri-
angle inequality holds:

Dα(P,Q) ≤ Dα(P, S) +Dα(S,Q), (α = 1,∞).

The fidelity-based measure stands apart from the
distance-based measures in the following sense. While
DF (P,Q) is a symmetric measure (DF (P,Q) =
DF (Q,P )), it does not satisfy the triangle inequality and
is therefore not a metric.
Finally, we note that the variational distance and fi-

delity are related as follows:

1− F (P,Q) ≤ D1(P,Q) ≤
√

1− (F (P,Q))2

=
√

DF (P,Q).

In our discussions below, we also make use of two well-
known distance measures between quantum states that
are obtained as generalizations of the classical variational
distance and fidelity measures [9]. The trace-distance
between quantum states ρ and σ is defined as

D1(ρ, σ) ≡
1

2
tr|ρ− σ|,

where, |ρ| =
√

ρ†ρ is the positive square-root of ρ†ρ. The
fidelity of states ρ and σ is defined to be

F (ρ, σ) ≡ tr
√

ρ1/2σρ1/2.

Similar to their classical analogues, the quantum trace-
distance and fidelity are also related as

1− F (ρ, σ) ≤ D1(ρ, σ) ≤
√

1− (F (ρ, σ))2.

B. Distance-based incompatibility measures

In the first three sections of this paper we will work
within the framework of standard quantum theory, and
restrict our attention to observables A and B which
are self-adjoint operators with purely discrete spectra,
and spectral decompositions A =

∑

i aiP
A
i and B =

∑

j bjP
B
j . Let PrBρ ∼ {pBρ (j)} denote the probability

distribution over the outcomes of a measurement of ob-
servable B in state ρ. Let PrA→B

ρ ∼ {qA→B
ρ (j)} denote

the probability distribution over the outcomes of a B
measurement when it follows a measurement of A on the
same state ρ. These probabilities are given by

PrBρ : pBρ (j) = tr
[

PBj ρ
]

, (1)

PrA→B
ρ : qA→B

ρ (j) = tr

[

PBj

(

∑

i

PAi ρP
A
i

)]

.



3

If A and B commute, their corresponding eigen-
projectors commute, and hence a measurement of A does
not affect the distribution of the outcomes of a subse-
quent measurement of B on the same state. The two
probability distributions defined in Eq. (1) above are
identical for all states ρ in this case. For a general pair of
observables A and B, the distance between the probabil-
ity distributions PrA→B

ρ and PrBρ can thus be regarded as
a measure of how much an intervening measurement of
A disturbs the statistics of the outcomes of a subsequent
measurement of B on the same state ρ. Maximizing this
distance between probability distributions over all states
in the system gives a measure of the mutual incompati-
bility of the observable A with B.
Corresponding to the three distance measures dis-

cussed above, we can thus define the following three mea-
sures of incompatibility of observable A with B:

(i) L1-distance based incompatibility measure:

Q1(A→ B) = sup
ρ
D1

(

PrA→B
ρ ,PrBρ

)

.

(ii) Fidelity-based incompatibility measure:

QF (A→ B) = sup
ρ

[

1− F 2(PrA→B
ρ ,PrBρ )

]

.

(iii) L∞-distance based incompatibility measure:

Q∞(A→ B) = sup
ρ
D∞(PrA→B

ρ ,PrBρ ).

All three incompatibility measures defined above sat-
isfy,

0 ≤ Qα(A→ B) ≤ 1, α ∈ {1, F,∞} (2)

Furthermore, the lower bound is attained if and only if
the observables A and B commute. We state and prove
this important property in the following Lemma.

Lemma 1. For a pair observables A and B with purely
discrete spectra, Qα(A → B) = 0 (α ∈ {1, F,∞}), if
and only if A and B commute.

Proof. Recall that the distance Dα

(

PrA→B
ρ ,PrBρ

)

= 0 if

and only if the probability distributions PrA→B
ρ and PrBρ

are identical. It is well known that these two probability
distributions coincide for all states ρ if and only if the
observables A and B commute [10, 11]. This proves the
Lemma for Q1 and Q∞.
Similarly, recalling that the fidelity F

(

PrA→B
ρ ,PrBρ

)

=

0 if and only if the distributions PrA→B
ρ and PrBρ are

identical, the Lemma is proved for QF as well. �

The incompatibility measures defined here are not
symmetric in general. We show in Appendix B, via an
explicit example, that there do exist observables A,B,
such that,

Qα(A→ B) 6= Qα(B → A).

It is thus natural to define the incompatibility Qα(A,B)
of the pair of observables A,B, as some kind of average of
the incompatibilities Qα(A→ B) and Qα(B → A). This
ensures that Qα(A,B) is large when both Qα(A → B)
and Qα(B → A) are large, and vice-versa.
We therefore propose to define the incompatibility of

a set of N observables {A1, A2, . . . , AN} in terms of the
pairwise incompatibilities {Qα(Ai → Aj)}, in the follow-
ing manner:

Qα(A1, A2, . . . , AN ) ≡ 1

N2

∑

i,j

Qα(Ai → Aj), (3)

where Qα(Ai → Ai) = 0. In particular, the incompati-
bility of a pair of observables A and B, is thus defined
as,

Qα(A,B) ≡ Qα(A→ B) +Qα(B → A)

4
. (4)

Incidentally, we may note that an L∞-distance based
measure has been used in [12] to characterize approxi-
mate joint measurability of general quantum observables.
Furthermore, there has been renewed interest in the

issue of quantifying measurement-induced changes in
probabilities, specifically in the context of the so-called
Heisenberg error-disturbance relations [13–17] for posi-
tion and momentum observables. For successive approx-
imate measurements of position and momentum on the
same system, these error-disturbance relations seek to
provide a trade-off between the “error”, or precision of
the position measurement, and “disturbance”, or change
in the statistics of a subsequent measurement due to the
intervening position measurement. To quantify this dis-
turbance several approaches have been considered, for
example, the rms distance between the original momen-
tum operator and the “disturbed” measurement opera-
tor [13], or, the difference between the standard deviation
of the momentum operator in the original system state
and the modified state after an intervening position mo-
mentum [14]. A more interesting approach is that of
Busch et al. [15–17], who use the Wasserstein-2 distance
between the probability distribution of the momentum
outcomes after the position measurement and the proba-
bility distribution of the outcomes of an ideal momentum
measurement.
To place our work in the context of these recent dis-

cussions, a few remarks are in order. We are seeking to
quantify the notion of incompatibility between any pair of
observablesA,B with purely discrete spectrum, for which
a canonically well-defined collapse or change in the state
of the system due to measurement exists. We propose
to quantify the incompatibility of observable A with an-
other observable B in terms of the change in the statistics
of the outcomes of B due to an earlier measurement of
A. This change in statistics is best measured in terms of
the distance between the corresponding probability dis-
tributions. Accordingly, in this paper we have considered
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three well-known measures of distance between probabil-
ity distributions to give quantitative measures of incom-
patibility of any pair of observables.

II. INCOMPATIBILITY AND DISTURBANCE

With any observable A having a purely discrete spec-
trum, there is associated a measurement channel EA. EA
is a completely positive trace-preserving (CPTP) map
that describes the post-measurement transformation of
state ρ after a measurement of A, as follows:

EA(ρ) =
∑

i

PAi ρP
A
i .

Both the trace-distance D1

(

EA(ρ), ρ
)

and the fidelity

F (EA(ρ), ρ) are valid measures of the disturbance caused
to state ρ by a measurement of A [9]. The maximal dis-
turbance due to the measurement A can therefore be es-
timated by either of the following measures:

D
(max)
1 (A) ≡ sup

ρ

1

2
tr
∣

∣EA(ρ)− ρ
∣

∣

D
(max)
F (A) ≡ 1− [F (min)(A)]2

= 1− [inf
ρ
F (EA(ρ), ρ)]2. (5)

Both these measures of disturbance satisfy,

0 ≤ D
(max)
1 (A) ≤ 1 , 0 ≤ D

(max)
F (A) ≤ 1

Here we prove an important property of our class of
incompatibility measures, namely that the incompatibil-
ity of A with B is always upper bounded by the maximal
disturbance due to observable A.

Lemma 2. For a pair of observables A and B with purely
discrete spectra, the mutual incompatibility Qα(A →
B) (α ∈ {1, F,∞}) is bounded above by the maximal
disturbance due to the observable A. Specifically,

Qα(A→ B) ≤ D
(max)
1 (A), α = 1,∞.

QF (A→ B) ≤ D
(max)
F (A) = 1− [F (min)(A)]2 (6)

Proof. We first prove the result for α ≡ 1,∞ and then
for α ≡ F .
(i) From the definition of Q1(A→ B), we see that,

Q1(A→ B) = sup
ρ

1

2

∑

j

|qA→B
ρ (j)− pBρ (j)|

= sup
ρ

1

2

∑

j

∣

∣

∣
tr
[

PBj

(

∑

PAi ρP
A
i

)]

− tr[PBj ρ]
∣

∣

∣

≤ sup
ρ

1

2
tr

∣

∣

∣

∣

∣

∑

i

PAi ρP
A
i − ρ

∣

∣

∣

∣

∣

= sup
ρ

1

2
tr
∣

∣EA(ρ)− ρ
∣

∣ = D
(max)
1 (A). (7)

The inequality above follows from the fact that the quan-
tum trace distance between two states is an upper bound
on the classical distance between probability distribu-
tions obtained by performing measurements on those
quantum states. That is,

D1(ρ, σ) = max
M∼{Mi}

D1(Pr
M
ρ ,PrMσ ), (8)

where the maximization is over all positive-operator
valued measures (POVMs) M ∼ {Mi}. PrM(ρ) ∼
{tr[Miρ]} and PrM(σ) ∼ {tr[Miσ]} are the probability
distributions arising from the POVM measurement M
on the states ρ and σ.

Note that the quantum trace distance also satisfies

D1(ρ, σ) = max
P

tr(P (ρ− σ)), (9)

where the maximization is taken over all projectors P .
Using this relation we can easily see that,

Q∞(A→ B) = sup
ρ

max
j

|qA→B
j (ρ)− pBj (ρ)|

= sup
ρ

max
j

∣

∣

∣

∣

∣

tr

[

PBj

(

∑

i

PAi ρP
A
i

)]

− tr[PBj ρ]

∣

∣

∣

∣

∣

≤ sup
ρ
D1(

∑

i

PAi ρP
A
i , ρ) = D

(max)
1 (A). (10)

(ii) A relation similar to Eq. (8) holds for the quan-
tum fidelity between states and the classical fidelity be-
tween probability distributions induced by measurements
on the states. In particular,

F (ρ, σ) = min
M

F (PrMρ ,PrMσ ). (11)

Using this, we can relate the classical fidelity between
PrA→B

ρ and PrBρ and the quantum fidelity between the

states ρ and EA(ρ) =∑i P
A
i ρP

A
i , as follows:

F (PrA→B
ρ ,PrBρ )

=
∑

j

√

√

√

√tr

[

PBj

(

∑

i

PAi ρP
A
i

)]

tr[PBj ρ]

≥ F (
∑

i

PAi ρP
A
i , ρ).

This implies,

QF (A→ B) = sup
ρ

[

1− F 2(PrA→B
ρ ,PrBρ )

]

≤ 1− inf
ρ
F 2(EA(ρ), ρ)

= 1− [F (min)(A)]2. (12)

�
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III. TIGHT UPPER BOUNDS ON

INCOMPATIBILITY IN FINITE DIMENSIONS

In this section we focus on the fidelity-based incom-
patibility measure QF (A,B). We obtain non-trivial up-
per bounds for observables in a finite-dimensional Hilbert
space, and show that the bounds are attained when the
observables are totally non-degenerate and correspond to
mutually unbiased bases (MUBs).

Theorem 3. For a pair of observables A and B in a
d-dimensional Hilbert space Hd, the incompatibility of A
with B is bounded by

QF (A→ B) ≤
(

1− 1

d

)

. (13)

The upper bound in Eq. (13)is attained when A and B
are non-degenerate observables associated with mutually
unbiased bases.

Proof. We have already shown in Section II that the
QF (A→ B) measure is bounded from above by the max-
imal disturbance due to observable A. It only remains
to prove an upper bound on this maximal disturbance.
Concavity of the quantum fidelity implies

inf
ρ
F 2(

∑

i

PAi ρP
A
i ), ρ)

≥ inf
|ψ〉〈ψ|

F 2(
∑

i

PAi |ψ〉〈ψ|PAi , |ψ〉〈ψ|)

= inf
|ψ〉〈ψ|

∑

i

(〈ψ|PAi |ψ〉)2 = inf
|ψ〉〈ψ|

2−H2(A;|ψ〉〈ψ|)

≥ 1

d
, (14)

where, in the final step we have used the definition of the
second order Rényi entropy H2(A; |ψ〉〈ψ|) of the proba-
bility distribution arising from a measurement of observ-
able A on state |ψ〉, and the fact that this H2 entropy is
always bounded from above by log d. Putting together
Eqns. (12) (14) we have,

QF (A→ B) = 1− inf
ρ
F 2
(

PrA→B
ρ ,PrBρ

)

≤ 1− inf
ρ
F 2(EA(ρ), ρ)

≤ 1− inf
|ψ〉〈ψ|

2−H2(A||ψ〉〈ψ|)

≤ 1− 1

d
. (15)

Finally, to see the bound is tight for mutually unbiased
observables, recall that two non-degenerate observables
A and B are said to be mutually unbiased iff the cor-
responding orthonormal eigenbases A ∼ {|ai〉〈ai|} and
B ∼ {|bi〉〈bi|} satisfy,

|〈ai|bj〉|2 =
1

d
, ∀i, j = 1, . . . , d.

Then, a simple calculation shows that the upper bound
proved above is attained for an eigenstate of B, that is,
for ρ = |ψ〉〈ψ| ≡ |bi〉〈bi|, for some i = 1, 2, . . . , d. �

This result immediately gives an upper bound on
QF (A,B), the mutual incompatibility of A and B.

QF (A,B) =
QF (A→ B) +QF (B → A)

4

≤ 1

2

(

1− 1

d

)

, (16)

where the upper bound is attained for a pair of non-
degenerate observables associated with mutually unbi-
ased bases.
A simple corollary of Theorem 3 is a non-trivial upper

bound on the average pairwise mutual incompatibility of
more than two observables.

Corollary 4. The mutual incompatibility of a set of N
observables {A1, A2, . . . , AN} in Hd satisfies,

QF (A1, A2, . . . , AN ) ≤
(

1− 1

N

)(

1− 1

d

)

. (17)

The bound is attained when the observables are non-
degenerate and associated with mutually unbiased bases.

Proof. The result simply follows from the definition
of QF (A1, A2, . . . , AN ), and, the upper bound on the
incompatibility of each pair of observables in the set
{A1, A2, . . . , AN}.

QF (A1, A2, . . . , AN ) =
1

N2

∑

i,j

QF (Ai → Aj)

≤ N(N − 1)

N2

(

1− 1

d

)

=

(

1− 1

N

)(

1− 1

d

)

. �

Note that, both the lower and upper bounds on the mu-
tual incompatibility for a set of N observables obtained
here are the same as those obtained for the incompat-
ibility measure Q defined in Eq. (A2), as shown in [5].
However, as we will see in Sec. III B below, the measures
Q and QF do yield different values for specific pairs of
observables.

A. Q1 and Q∞ for a pair of MUBs

For comparison, we also evaluate the measures
Q1(A → B) and Q∞(A → B) for a pair of mutually
unbiased observables: A ∼ {|ai〉〈ai|} and B ∼ {|bj〉〈bj |}.
The probability distribution PrA→B

ρ : {qA→B
ρ (j)}, over

the outcomes of a B measurement when it follows a mea-
surement of A on the same state ρ is now given by,

qA→B
ρ (j) =

∑

i

〈ai|ρ|ai〉|〈ai|bj〉|2 =
1

d
.
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The Q1 incompatibility measure is therefore given by,

Q1(A→ B) = sup
ρ

1

2

d
∑

j=1

|qA→B
ρ (j)− pBρ (j)|

= sup
ρ

1

2

d
∑

j=1

∣

∣

∣

∣

1

d
− 〈bj |ρ|bj〉

∣

∣

∣

∣

= 1− 1

d
. (18)

The final step simply follows from the upper bound on
the distance between any other d-dimensional probabil-
ity distribution (in this case, {pBρ (j)}) and the uniform

distribution. The bound is indeed attained when {pBρ (j)}
is a delta distribution, namely,

pBρ (j) = 0, ∀j 6= j0; pBρ (j = j0) = 1,

for some j0 ∈ [1, d]. The state ρ that induces this distri-
bution is simply a basis state of B, that is, ρ = |bj0〉〈bj0 |,
j0 ∈ [1, d]. For a pair of mutually unbiased bases the
measure Q1 is indeed symmetric, so that,

Q1(A,B) =
1

2

(

1− 1

d

)

.

A similar calculation yields,

Q∞(A,B) =
1

2

(

1− 1

d

)

,

for a pair of mutually unbiased observables A and B in
a d-dimensional space.
The above observations lead us to conjecture that both

the Q1 and the Q∞ measures are also bounded above by
1
2 (1 − 1

d), for any pair of observables in a d-dimensional
space.

B. Observables that commute on a subspace

Finally, we present a simple scenario where our ap-
proach to quantifying incompatibility goes significantly
beyond the standard entropic uncertainty relations for-
malism. Consider a pair of non-degenerate observables
A,B that commute over a subspace of dimension dc.
Specifically, we assume that they share dc common eigen-
vectors, and are mutually unbiased in the (d−dc) dimen-
sional subspace where they do not commute.

|ai〉 = |bi〉, ∀ i = 1, . . . , dc

|〈ai|bj〉| =







0 for i ≤ dc, j > dc
0 for i > dc, j ≤ dc

1√
d−dc for i, j > dc







(19)

For such a pair of observables, our formalism allows us
to derive an expression for their mutual incompatibility
in terms of the dimension dc of the commuting subspace.

Theorem 5. Consider a pair of non-degenerate observ-
ables A and B in Hd which are such that they have dc
common eigenvectors, and their remaining eigenvectors
are mutually unbiased (as in Eq. (19)). The mutual in-
compatibility of such a pair A and B is given by,

QF (A,B) =
1

2

(

1− 1

d− dc

)

. (20)

The proof of this theorem is given in Appendix A. In
the same section, we also evaluate the mutual incompat-
ibility of the same pair of observables A and B as quan-
tified by the measure Q defined in [5]. We show that,

Q(A,B) ≤ 1

2

(

1− dc + 1

d

)

. (21)

This example thus highlights clearly the difference be-
tween the measures Q and QF . Comparing Eq. (20)
and Eq. (21), we see that QF and Q coincide when
dc = 0 (A and B are mutually unbiased observables)
and dc = (d − 1) (A and B commute), but do take on
different values for 0 < dc < d− 1.

IV. QUANTIFYING DISTURBANCE AND

INCOMPATIBILITY FOR GENERAL

MEASUREMENTS

In this section, we show how the measures of incompat-
ibility and disturbance defined in Sec. I and Sec. II can be
extended beyond the class of projective measurements. A
general observable A with discrete outcomes is described
by a collection of positive operators {0 ≤ Ai ≤ I} that
satisfy

∑

iAi = I. The probability of obtaining outcome
i when measuring observable A in state ρ is given by
tr[ρAi]. In order to define the class of incompatibility
measures Qα, we also need to specify how the state ρ
transforms under a measurement of A.
In standard quantum theory, there is a canonical as-

sociation (via the so called Von Neumann - Lüders col-
lapse postulate) between an observable characterized by
a self-adjoint operator with purely discrete spectrum
(A =

∑

i αiP
A
i ), and an associated projective measure-

ment (EA(ρ) =
∑

i P
A
i ρP

A
i ). For more general observ-

ables given by positive operator valued (POV) measures
A ∼ {Ai}, there is no such canonical specification; the as-
sociated measurement transformation can now be chosen
as any instrument ΦA implementing the POV measure
A [18].
An instrument ΦA implementing a measurement of A

is a collection of completely positive linear maps ΦA
i such

that, the state ρ transforms to ΦA
i (ρ) when outcome i is

realized. The probability of realizing outcome i is given
by tr[ΦA

i (ρ)] = tr[ρAi], for all states ρ. The overall trans-
formation of state ρ by instrument ΦA is described by a
quantum channel, that is, a completely positive trace-
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preserving (CPTP) map (also denoted by ΦA):

ΦA(ρ) =
∑

i

ΦA
i (ρ).

The same observable can indeed be implemented by
several different instruments. One simple implemen-
tation of a measurement of observable A ∼ {Ai} is
given by the Lüders instrument ΦA

L , in which the post-
measurement state after a measurement of observable A
on state ρ ∈ Hd is given by

ΦA
L (ρ) =

∑

i=1

A
1/2
i ρA

1/2
i .

We can now extend our measures of incompatibility and
disturbance, for general observables A,B described by
discrete POV measures. However, now the measures in-
deed crucially depend on the choice of associated instru-
ments ΦA and ΦB. The probability distribution over the
outcomes of B in state ρ is given by,

PrΦ
B

ρ : pΦ
B

ρ (i) = tr[ρBi].

When the measurement of B is preceded by a measure-
ment of A on the same state ρ, the probability distribu-

tion is modified as PrΦ
A→ΦB

ρ:

PrΦ
A→ΦB

ρ : qΦ
A→ΦB

ρ (i) = tr









∑

j

A
1/2
j ρA

1/2
j



Bi



 .

We can define the incompatibility of ΦA with ΦB as

Qα(Φ
A → ΦB) = sup

ρ
Dα(Pr

ΦA→ΦB

ρ ,PrΦ
B

ρ ). (22)

As before, we have, 0 ≤ Qα ≤ 1. Similarly, the maximal
disturbance due to a measurement of ΦA can be defined
as

Dmax
α (ΦA) = sup

ρ
Dα(Φ

A(ρ), ρ), (23)

where once again, 0 ≤ Dα(Φ
A) ≤ 1.

Then, using the relation between the classical and
quantum distance measures, it is easy to see that
Lemma 2 also holds for general quantum measurements.
In other words, the incompatibility of ΦA with ΦB,
Qα(Φ

A → ΦB) is always bounded from above by the
maximum disturbance Dmax

α (ΦA) due to the channel ΦA:

Qα(Φ
A → ΦB) ≤ Dmax

α (ΦA). (24)

We now show that there exists a non-trivial upper
bound on the maximal disturbance due to the Lüders
channel corresponding to a discrete POV measure with a
finite number of outcomes. This in turn gives us a non-
trivial upper bound on the fidelity-based incompatibility
measure QF (Φ

A
L → ΦB

L) for such a pair of POV measures
A and B.

Theorem 6. The incompatibility of a pair of general
observables A and B, with finite number of outcomes NA
and NB respectively, and corresponding Lüders channels:

ΦA
L (ρ) =

NA
∑

i=1

A
1/2
i ρA

1/2
i ; ΦB

L(ρ) =
NB
∑

j=1

B
1/2
j ρB

1/2
j ,

is bounded by

QF (Φ
A
L → ΦB

L) ≤ 1− 1

NA
. (25)

Proof. The result follows once we prove an upper bound
on the maximal disturbance Dmax

F (ΦA
L ). Note that,

inf
|ψ〉〈ψ|

F 2
(

ΦA
L (|ψ〉〈ψ|), |ψ〉〈ψ|

)

= inf
|ψ〉〈ψ|

NA
∑

i=1

〈ψ|A1/2
i |ψ〉2

≥ inf
|ψ〉〈ψ|

NA
∑

i=1

〈ψ|Ai|ψ〉2 = inf
|ψ〉〈ψ|

NA
∑

i=1

[

p
ΦA

L

|ψ〉(i)
]2

= inf
|ψ〉〈ψ|

2
−H2

(

Pr
ΦA
L

|ψ〉

)

≥ 1

NA
. (26)

Therefore,

Dmax
F (ΦA

L ) = 1− inf
ρ
F 2(ΦA

L (ρ), ρ)

≤ 1− inf
|ψ〉〈ψ|

F 2(ΦA
L (|ψ〉〈ψ|), |ψ〉〈ψ|)

≤ 1− 1

NA
. (27)

The upper bound on QF (Φ
A
L → ΦB

L) now follows from
the extension of Lemma 2 given in Eq. (24). �

Note that, while we have proved a non-trivial (strictly
less than one) upper bound on the maximal disturbance
due to a Lüders instrument with a finite number of out-
comes, there does not exist such a non-trivial upper-
bound for the maximal disturbance due to more general
instruments. For example, consider the instrument ΦZp

corresponding to a Z-channel, namely,

ΦZp(ρ) = pZρZ + (1− p)ρ. (0 ≤ p ≤ 1)

It is easy to check that the minimal fidelity
infρ F

2(ΦZp(ρ), ρ) = 1 − p, and therefore the maximal
disturbance Dmax

F (ΦZp) = p ≤ 1.

V. CONCLUSIONS

To summarize, we have proposed a novel approach to
quantify the mutual incompatibility of quantum observ-
ables, in terms of the change caused by a measurement
of one observable on the statistics of the outcomes of a
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subsequent measurement of the other observable. We use
a class of distance measures between classical probability
distributions to quantify this change in statistics, thus
leading to a class of incompatibility measures.
In particular, we take a closer look at one such measure

based on the classical fidelity between probability distri-
butions. We obtain a tight, non-trivial (strictly less than
one) upper bound for the fidelity-based incompatibility
of a pair of projective measurements in finite dimensions,
and show that this bound is attained for a pair of mu-
tually unbiased bases. Interestingly, the upper bound
derived here coincides with that for a different measure
of incompatibility, based on the cryptographic notion of
accessible fidelity, proposed recently [5]. The formalism
presented here is however completely general and extends
beyond projective measurements. In particular, we use
our measure to obtain a non-trivial bound on the mutual
incompatibility of a pair of Lüders instruments with a
finite number of outcomes.
Our analysis here brings to light an elegant quantita-

tive connection between operationally motivated notions
of disturbance and incompatibility for general quantum
measurements. Furthermore, since our class of measures
vanish if and only if the observables in question com-
mute, this approach goes beyond uncertainty relations
in quantifying incompatibility. Interestingly, even opti-

mal entropic uncertainty relations formulated for the suc-
cessive measurement scenario yield only a trivial (zero)
bound for observables that share a single common eigen-
vector [19].

We note that the class of measures presented here is
indeed distinct from the incompatibility measure defined
in [5] based on the accessible fidelity, though both mea-
sures coincide for the limiting cases of commuting and
mutually unbiased observables. While the operational
setting motivating the new class of measures introduced
here is a commonly encountered one in the context of
quantum cryptography, it remains to be seen if these
measures can play a direct role in analyzing the security
of quantum cryptographic protocols. Another interest-
ing line of investigation would be to check whether the
measures defined here can be computed efficiently using
convex optimization techniques.
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Appendix A: Incompatibility of observables that

commute on a subspace

Here we prove Theorem 5 and obtain an expression for
the mutual incompatibility of the pair of observables A
and B described in Eq. (19).

Proof: We first prove an upper bound on QF (A → B),
the incompatibility of A with B. For the pair of observ-
ables defined in Eq. (19), the fidelity between the two
relevant probability distributions is given by,

F (PrA→B
|ψ〉〈ψ|,Pr

B
|ψ〉〈ψ|)

=
∑

j

√

∑

i

|〈ai|ψ〉|2|〈ai|bj〉|2|〈bj |ψ〉|2

=
∑

j≤dc
|〈aj |ψ〉|2 +

∑

j>dc

|〈bj |ψ〉|

√

1−∑i≤dc |〈ai|ψ〉|2√
d− dc
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Since
∑

j>dc
|〈bj |ψ〉| ≥

√

∑

j>dc
|〈bj |ψ〉|2, and |aj〉 ≡ |bj〉

for j ≤ dc, we obtain,

F (PrA→B
|ψ〉〈ψ|,Pr

B
|ψ〉〈ψ|)

≥
∑

j≤dc
|〈aj |ψ〉|2 +

1−∑j≤dc |〈bj |ψ〉|
2

√
d− dc

=

√
d− dc

∑

j≤dc |〈bj |ψ〉|
2 + (1−

∑

j≤dc |〈bj |ψ〉|
2)

√
d− dc

≥ 1√
d− dc

. (A1)

The bound on QF (A→ B) follows immediately:

QF (A→ B) ≤ 1− 1

d− dc
.

This maximal value is attained for eigenstates of A that
span the non-commuting subspace, that is, for states
|ψ〉 = |ai〉 (i > dc), and hence,

QF (A→ B) = 1− 1

d− dc
.

Similarly, we can show, that the incompatibility of B
with A is given by,

QF (B → A) = 1− 1

d− dc
.

Together, we get the desired result on the mutual incom-
patibility of A and B stated in Eq. (20). �

We now consider the mutual incompatibility of the
same pair of observables A and B as quantified by the
measure Q defined in [5]. For a set of N non-degenerate
observables {A(1), A(2), . . . , A(N)} in a d-dimensional

Hilbert space Hd with associated eigenvectors {|a(i)j 〉, j =
1, . . . , d.}, let EA(i)

(ρ) =
∑d

m=1(|a
(i)
j 〉〈a(i)j |)ρ(|a(i)j 〉〈a(i)j |)

denote the post-measurement state associated with a
measurement of observable A(i) on state ρ. Then, it was
shown in [5] that Q(A(1), A(2), . . . , A(N)) maybe defined
as the complement of the best possible average fidelity an
eavesdropper can obtain in a quantum key distribution
(QKD) protocol.

The measure Q defined in [5] can be evaluated as

Q(A(1), A(2), . . . , A(N)) (A2)

= 1− sup
{|ξm〉〈ξm|}

1

Nd

∑

m

λmax

[(

∑

i

EA(i)

(|ξm〉〈ξm|)
)]

,

where, λmax[Φ] denotes the maximum eigenvalue of Φ.
The supremum is taken over all positive operator valued
measures (POVMs) comprising (non-normalized) rank-
one operators {|ξm〉〈ξm|} such that

∑

m |ξm〉〈ξm| = I.
Thus, Q(A,B) is given by,

Q(A,B) = 1− sup
{|ξm〉〈ξm|}

1

2d

∑

m

λmax

[

EA(|ξm〉〈ξm|) + EB(|ξm〉〈ξm|)
]

= 1− sup
{|ξm〉〈ξm|}

1

2d

∑

m

λmax





d
∑

i=1

|〈ai|ξm〉|2|ai〉〈ai|+
d
∑

j=1

|〈bj |ξm〉|2|bj〉〈bj |





While the supremum is to be taken over all POVMs
{|ξm〉〈ξm}, choosing |ξm〉 = |bm〉, ∀m = 1, . . . , d provides
a lower bound on the second term. For the observables

A and B defined in Eq. (19), this lower bound is easily
evaluated:
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Q(A,B) = 1− sup
M∼{|ξm〉〈ξm|}

1

2d

∑

m

λmax





d
∑

i=1

|〈ai|ξm〉|2|ai〉〈ai|+
d
∑

j=1

|〈bj |ξm〉|2|bj〉〈bj |





≤ 1− 1

2d

dc
∑

m=1

λmax [2|am〉〈am|]− 1

2d

d
∑

m=dc+1

λmax

[

1

d− dc

∑

i>dc

|ai〉〈ai|+ |bm〉〈bm|
]

= 1− 2dc
2d

− 1

2d

d
∑

m=dc+1

max
k>dc

[

1

d− dc

∑

i>dc

|〈bk|ai〉|2 + |〈bk|bm〉|2
]

≤ 1− dc
d

− 1

2d

∑

m>dc

(

1

d− dc
+ 1

)

= 1− dc
d

− d− dc + 1

2d
=

1

2

(

1− dc + 1

d

)

. (A3)

Appendix B: Asymmetry of QF (A → B)

As we will see below, the asymmetry of the incompat-
ibility measure for a pair of observables manifests clearly
when one of the observables has a degenerate spectrum.
We first obtain an expression for the maximal distur-
bance due to a measurement of an observable with a de-
generate spectrum.
Consider the observable C with a spectral decomposi-

tion

C =

r
∑

i=1

αiP
C
i ,

where, each PCi is a projector on to a di-dimensional
subspace (0 < di < d) with

∑r
i=1 di = d. Further, let

{|ci〉} be an orthonormal basis of eigenvectors of C, such
that,

PCi =

d1+...di−1+di
∑

k=d1+...+di−1+1

|ck〉〈ck|.

For such an observable C, we evaluate the disturbance
Dmax
F (C) defined in Eq. (5).
First, note that for any state |ψ〉, the fidelity with the

post-measurement state is bounded by

F 2[EC(|ψ〉〈ψ|), |ψ〉〈ψ|] =

r
∑

i=1

〈ψ|PCi |ψ〉2

= 2−H2(C||ψ〉) ≥ 1

r
, (B1)

where H2(C||ψ〉) is the H2-entropy of the probability dis-
tribution resulting from a measurement of observable C
on state |ψ〉. The minimum value in Eq. (B1) is attained
for any state which satisfies 〈ψopt|PCi |ψopt〉 = 1

r for all
i = 1, . . . , r. For example, the state

|ψopt〉 =
1√
r
[|c1〉+ |cd1+1〉+ . . .+ |cd−dr+1〉] ,

yields this lower bound. The maximum disturbance due
to a measurement of observable C is therefore given by

Dmax
F (C) = 1− 1

r
.

We now present an example of a pair of observables
A and B such that QF (A → B) 6= QF (B → A). We
choose A to have a totally non-degenerate spectrum in a
d-dimensional Hilbert space:

A =

d
∑

i=1

ai|ai〉〈ai|,

but choose B to be an observable with a degenerate spec-
trum. Specifically, let {|bj〉, j = 1, . . . , d} be a basis that
is mutually unbiased with respect to {|ai〉}. Choose ob-
servable B to have a spectral decomposition

B = β1P
B
1 + β2P

B
2 ,

where, PB1 =
∑m
j=1 |bj〉〈bj |, (0 < m < d).

As shown above, the maximal disturbance due to a
measurement of B is then given byDmax

F (B) = 1
2 . Hence,

QF (B → A) ≤ Dmax
F (B) =

1

2
,

for all A.
To evaluate QF (A→ B), note that

F 2[PrA→B
ψ ,PrBψ ]

=





2
∑

k=1

(

∑

i

|〈ai|ψ〉|2〈ai|PBk |ai〉
)1/2

〈ψ|PBk |ψ〉1/2




2

.

Choosing |ψ〉 = |bj〉 for some j = 1, . . . ,m, we have,

〈ai|ψ〉 = 1/
√
d, and,

〈ψ|PB2 |ψ〉 = 0; 〈ai|PB1 |ai〉 =
m

d
, ∀i = 1, . . . , d.
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Therefore, for |ψ〉 = |bj〉,

F 2[PrA→B
ψ ,PrBψ ]

=
∑

i

|〈ai|ψ〉|2〈ai|PB1 |ai〉 =
m

d
.

Choosing m < d
2 , we get,

inf
|ψ〉〈ψ|

F 2[PrA→B
ψ ,PrBψ ] <

1

2
.

Hence,

QF (A→ B) = sup
|ψ〉〈ψ|

(1 − F 2[PrA→B
ψ ,PrBψ ]) >

1

2
. (B2)

Thus, we have a pair of observables A,B such that,
QF (B → A) 6= QF (A→ B).


