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m-Bonacci graceful labeling

Kalpana Mahalingam and Helda Princy Rajendran

Department of Mathematics, Indian Institute of Technology, Chennai, India

ABSTRACT

We introduce new labeling called m-bonacci graceful labeling. A graph G on n edges is m-bonacci
graceful if the vertices can be labeled with distinct integers from the set f0, 1, 2, :::, Zn,mg such
that the derived edge labels are the first n m-bonacci numbers. We show that complete graphs,
complete bipartite graphs, gear graphs, triangular grid graphs, and wheel graphs are not m-
bonacci graceful. Almost all trees are m-bonacci graceful. We give m-bonacci graceful labeling to
cycles, friendship graphs, polygonal snake graphs, and double polygonal snake graphs.
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1. Introduction

In 1964, Ringel conjectured that given a tree T with n verti-

ces, the complete graph K2nþ1 can be decomposed into 2nþ
1 edge-disjoint copies of T [12]. To address this problem, in

1966, Rosa introduced the concept of graceful labeling of

graphs as b-valuations [13]. Rosa showed that Ringel’s con-

jecture holds if all the trees are graceful. From this, the fam-

ous Ringel-Kotzig conjecture was formed. The conjecture

states that all trees are graceful, which is still open. Several

researchers ([1, 5], to name a few) have worked on this con-

jecture and have some partial results.
Golumb in [7], introduced the term graceful. A graceful

labeling of a graph G ¼ ðV, EÞ on n edges is defined as fol-

lows: G is said to be graceful if there exists a function f :

f0, 1, 2, :::, ng ! V such that the function g : E ! f1, 2,
:::, ng defined by gðe ¼ uvÞ ¼ jf ðuÞ � f ðvÞj is a bijection. In

1985, Lo defined edge graceful labeling by assigning labels

to the edges of the graph G on p vertices and n edges, from

the set f1, 2, 3, :::, ng such that the derived vertex labeling is

a bijection from V(G) to f0, 1, 2, :::, p� 1g [10]. Several

researchers ([4, 14] to name a few) are working on in this

edge graceful labeling.
In [9], Koh et al. defined a tree on nþ 1 vertices to be a

Fibonacci tree if the vertices can be labeled with the first

nþ 1 Fibonacci numbers so that the induced edge labeling

should be the first n Fibonacci numbers, which were later

called as Super-Fibonacci labeling (See [6] for more infor-

mation). In [2], Bange et al. modified the definition of Koh

et al. by relaxing the vertex labels to the set of distinct inte-

gers from f0, 1, 2, :::, Fng, where Fn is the n-th Fibonacci

number. A new group of graphs called Fibonacci graceful

graphs was obtained from this definition. A graph on n

edges is said to be Fibonacci graceful if there exists a vertex

labeling with distinct elements from the set f0, 1, 2, :::, Fng

such that the induced edge labels form a bijection on to the

first n Fibonacci numbers. For all other types of graceful

labeling, we refer the reader to [6].
In this paper, we extend the concept of Fibonacci graceful

to m-bonacci graceful graphs by replacing the Fibonacci

numbers with m-bonacci numbers.
The paper is arranged as follows. In Section 2, notations,

definition of m-bonacci number and definition and example

of m-bonacci graceful labeling are given. Some basic proper-

ties of m-bonacci graceful labeling is discussed in Section 3.

In Section 4, we find some special graphs which are not m-

bonacci graceful. In Section 5, m-bonacci graceful labeling

of some special classes of graphs are given. We end the

paper with a few concluding remarks.

2. Preliminaries

We refer the reader to [3] for basic concepts and definitions

of graphs. By G(p, n), we denote a simple graph on p verti-

ces and n edges. In this paper, we use the following defin-

ition for an m-bonacci number. The m-bonacci sequence

fZn,mgn��ðm�2Þ is defined by

Zi,m ¼ 0, � ðm� 2Þ � i � 0, Z1,m ¼ 1

and for n � 2,

Zn,m ¼
X

n�1

i¼n�m

Zi,m

Each Zi,m is called an m-bonacci number. For example,

when m¼ 5, the sequence is

fZn, 5g
1
n¼�3 ¼ f0, 0, 0, 0, 1, 1, 2, 4, 8, 16, 31:::g

In [2], Bange et al. defined a new labeling called

Fibonacci graceful labeling. We generalize the definition to
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any m. We define a new labeling called m-bonacci graceful

labeling as follows:

Definition 1. Let Gðp:nÞ be a graph on p vertices and n

edges. G(p, n) is called m-bonacci graceful if there exists a

labeling l of its vertices with distinct integers from the set

f0, 1, 2, :::,Zn,mg which induces an edge labeling l0 defined

by l0ðuvÞ ¼ jlðuÞ � lðvÞj, is a bijection onto the set fZ1,m,

Z2,m, :::, Zn,mg:

When m¼ 2, the above labeling is the Fibonacci graceful

labeling. For m¼ 3, Figure 1 shows a 3-bonacci graceful

labeling of C6.
Note that, not all graphs are m-bonacci graceful. Also, if

a graph G is m-bonacci graceful for some m, then it does

not necessarily imply that G is m-bonacci graceful for all m.

For example, consider the graph C6. It was shown in [2],

that C6 is Fibonacci graceful and one can see from Figure 1

that C6 is also 3-bonacci graceful. However, C6 is not 4-

bonacci graceful. Infact we show that (see Theorem 3) C6 is

m-bonacci graceful for all m� 2 and m 6¼ 4: We also give a

labeling of the Butterfly graph (see Figure 4) such that it is

Fibonacci graceful. But one can verify (see Proposition 1)

that Butterfly graph is not m-bonacci graceful for all m� 3.
We also give an example of a tree (Figure 2) which is m-
bonacci graceful for any m� 3, whereas it is not Fibonacci
graceful. The famous” Ringel-Kotzig conjecture” states that
all trees are graceful. But, the conjecture does not hold for
m-bonacci graceful labeling. Some trees are m-bonacci
graceful for some m, whereas some trees are not m-bonacci
graceful for any m. In Figure 3, one can see that T1 is 3-
bonacci graceful, whereas T2 is not m-bonacci graceful for
any m. In fact, we show that (Proposition 2) K1, n, n � 3, is
not m-bonacci graceful for any m. If a graph G is not grace-
ful, it is not necessarily true that G is not m-bonacci graceful
for any m. For example, Figure 4 shows that the butterfly
graph is Fibonacci graceful. But in [13], Rosa showed that
any Eulerian graph with edge count congruent to 1 or
2ðmod 4Þ is not graceful. Thus, both the butterfly graph as
well as C6, are not graceful. We see that the butterfly graph
is Fibonacci graceful (see Figure 4) but not m-bonacci grace-
ful for all m� 3 (see Proposition 1) and C6 is m-bonacci
graceful for all m� 2 and m 6¼ 4 (see Proposition 1). Hence,
we conclude the following.

Observation 1. The following are true.

� There exists a graph that is Fibonacci graceful but not m-
bonacci graceful for all m � 3

� There exists a graph that is m-bonacci graceful for all m
� 3 but not Fibonacci graceful

� There exists a graph that is graceful but not m-bonacci
graceful for any m � 2

� There exists a graph that is m-bonacci graceful for all
m � 5 but not graceful.

3. Properties of m-bonacci graceful graphs

In this section, we study some basic properties of m-bonacci
graceful graphs. From the definition, it is clear that, for a
graph to be m-bonacci graceful, one of its edges must have
the label Zn,m, which is only possible when 0 and Zn,m are
the labels for its incident vertices. Moreover, any vertex
adjacent to the vertex labeled with 0 must have an m-
bonacci number as its label. We first recall some well known
properties of m-bonacci numbers [8, 11].

Figure 1. C6 with tribonacci graceful labeling.

Figure 2. m-bonacci graceful labeling for m� 3.

Figure 3. ðaÞ T1 , ðbÞ T2:

Figure 4. Fibonacci graceful labeling of Butterfly graph.
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Lemma 1. For m � 2, we have the following.

1. 2Zk,m � Zkþ1,m for all k � 1:
2. If the sum of m m-bonacci numbers equals another m-

bonacci number, then those m þ 1 numbers must be
consecutive.

3. The first 2mþ 1 terms of the m-bonacci sequence are
Zi,m ¼ 0, � ðm� 2Þ � i � 0, Z1,m ¼ Z2,m ¼ 1, Zj,m ¼
2j�2, 3 � j � mþ 1, Zmþ2,m ¼ 2m � 1:

Based on the observations in Lemma 1, we deduce
the following.

Corollary 1. For m � 2, such that 0 < n < mþ 1 and t> 0,
the following is true.

X

tþn

i¼tþ1

diZi,m 6¼ 0, di ¼ 61

Proof. Let 0 < n < mþ 1 and t> 0. Then, we have

Ztþn,m ¼
X

tþn�1

i¼tþn�m

Zi,m

>

X

tþn�1

i¼tþ1

Zi,m ðsince t > 0, n < mþ 1Þ

Hence, the result. w

We first observe that similar to Fibonacci graceful graphs
[2] the labeling of an m-bonacci graceful graph need not be
unique, i.e., the graph can have several distinct labeling.

Observation 2. Let G(p, n) be an m-bonacci graceful
graph for some m � 2, with vertex labels from the set
fa1, a2, :::, ang: Then, replacing each vertex labels ai with
Zn,m � ai also gives an m-bonacci graceful labeling.

It was also observed in [2] that the cycle structure of
Fibonacci graceful graphs is dependent on Fibonacci identities.
We observe here that the result is also true for any m� 3.

Lemma 2. Let G(p, n) be an m-bonacci graceful graph and
let C be a cycle of length k in G(p, n). Then there exists a

sequence fdig
k
i¼1 with di ¼ 61 for all i ¼ 1, 2, :::, k such that

X

k

i¼1

diZji ,m ¼ 0

where fZji ,mg
k
i¼1 are the derived m-bonacci numbers for the

edges of C.

The following corollary is a direct observation from the
above Lemma and the fact (See Lemma 1) that if the sum of
any m m-bonacci numbers is another m-bonacci number,
then these numbers must be consecutive. The corollary gives
an edge labeling for cycles of a particular length.

Corollary 2. Let G be an m-bonacci graceful graph such that
G has a cycle C of length km� ðk� 2Þ, 1 � k � 3. Then, the
edges of C must be labeled with m-bonacci numbers Zj,m for

i � j � iþ km, and j 6¼ iþ tm for 1 � t � k� 1 for
some i � 1:

Thus, from Lemma 2 and Corollary 2, we observe the fol-
lowing, which provides a condition for the edge labels for
any cycle in an m-bonacci graceful graph.

Corollary 3. Let G(p, n) be an m-bonacci graceful graph and
C be a cycle in G(p, n). If Zk,m is the largest m-bonacci num-
ber appearing as an edge label of C, then Zk�1,m, Zk�2,m, :::,
Zk�ðm�1Þ,m should also appear as edge labels on C.

The following result gives conditions on the number of
edges in any Eulerian m-bonacci graceful graph.

Theorem 1. Let G(p, n) be an Eulerian m-bonacci graceful
graph. Then,

n � 0, 2, 3, :::, m� 1 or m ðmodðmþ 1ÞÞ

Proof. Let G be an Eulerian m-bonacci graceful graph. Then,
G can be decomposed into edge-disjoint cycles. From Lemma
2, it is clear that the sum of all the edge labels around any
cycle is even and hence, Z1,m þ Z2,m þ � � � þ Zn,m is even. But
by Lemma 1, Z1,m þ Z2,m þ � � � þ Zn,m is odd only when n �
1ðmodmþ 1Þ for m� 2. Hence, the result. w

The following result gives a partial information about the
cycles of any m-bonacci graceful graph.

Proposition 1. Any m-bonacci graceful graph can have at
most one cycle of length less than or equal to m. From this,
we get that, for m� 3, the only maximal outerplanar m-
bonacci graceful graph is C3.

Proof. Let G be an m-bonacci graceful graph and let C be a
cycle of G of length n such that n � m: Let the vertices of C
be m-bonacci gracefully labeled with labels from the set
f0g [ fZi,m : 2 � i � ng (since n � m, by Lemma 1,
Ziþ1,m � Zi,m ¼ Zi�1,m, 1 � i � n). Suppose there exists
another cycle C0 of length t � m in G whose vertices are
labeled such that Zk,m with k> n is the largest edge label of
C0
: Now, by Corollary 3, Zk�1,m, Zk�2,m, :::,Zk�ðm�1Þ,m are

also edge labels of C0
: Since t � m,Zk,m, Zk�1,m,

Zk�2,m, :::,Zk�ðm�1Þ,m are the only edge labels and the length

of C0 is m. By Lemma 2, there exists a sequence fdig with
di ¼ 61 such that,

X

m

i¼1

diZk�ði�1Þ,m ¼ 0 (1)

Note that, the labels are m consecutive m-bonacci numbers. By
Corollary 1, Equation (1) does not hold true. Thus, an m-
bonacci graceful graceful graph can have a maximum of only
one cycle of length less than or equal to m. Hence, the result. w

4. Forbidden graphs

In this section, we discuss some special graphs that are not
m-bonacci graceful. We start this section with the tree
graph. Except K1 and K2, any tree with the number of edges
at most three cannot be m-bonacci gracefully labeled, as
there does not exist enough integers between 0 and Zn,m to
label nþ 1 vertices.

AKCE INTERNATIONAL JOURNAL OF GRAPHS AND COMBINATORICS 9



In [2], Bange et al. proved that any graph which has a 3-

edge connected subgraph is not Fibonacci graceful. One can

observe that the result also holds when m� 3. We omit the

proof as it is similar to the proof given by Bange et al.

Theorem 2. If G has a 3-edge connected subgraph, then G is

not m-bonacci graceful for m� 2.

The above result cannot be improved further as cycles

are 2-edge connected, and most of them are m-bonacci

graceful. The following corollary is a direct observation from

Theorem 2.

Corollary 4. The following graphs are not m-bonacci graceful

for m� 2.

� Complete graph Kn, n � 4
� The wheel graph Wn, n � 3
� The Generalized Petersen graph
� The Fence graph
� The Circular ladder graph

We now discuss the case for complete bipartite graphs.

One can easily verify that both K1, 1 and K2, 2 are m-bonacci

graceful for all m� 3. K1, 1 is Fibonacci graceful but K2, 2 is

not Fibonacci graceful. In the following result we show that

complete bipartite graphs Kt, n except for K1, 1 and K2, 2 are

not m-bonacci graceful for m� 2.

Proposition 2. Complete bipartite graphs, except for K1, 1

and K2, 2, are not m-bonacci graceful for m� 2.

Proof. Let t, n � 3: Then, Kt, n is 3-edge connected. By

Theorem 2, Kt, n is not m-bonacci graceful for m� 2.

K1, n, n � 2 is not m-bonacci graceful. At most either

Z1,m or Z2,m will appear as one of the edge labels (Note

that, Z1,m ¼ Z2,m ¼ 1).
Now, the only case left is K2, n, n � 3: Let u, v be the

two vertices that are adjacent to other n vertices. Let l(u)

¼ 0. Then, all the n vertices should be labeled with m-

bonacci numbers. Since n � 3, it is impossible to give a

label to v distinct from other nþ 1 vertices such that the

graph is m-bonacci graceful. The proof is similar if a ver-

tex from the other partite set with n vertices gets 0 as ver-

tex label. w

The following result shows that gear graphs are not m-

bonacci graceful. Gear graph is obtained by replacing each

edge in the perimeter of the wheel graph Wn by a path of

length 2. We denote gear graphs by Gn. Gn has 2nþ 1 verti-

ces. G4 is shown in Figure 5. G3 is Fibonacci graceful but

not m-bonacci graceful 8m � 3:

Proposition 3. Gear graphs Gt , t � 4 are not m-bonacci

graceful for all m� 2.

Proof. Let Gt be a gear graph. Suppose Gt is m-bonacci

graceful for some m � 2 and t � 4: Recall that, a gear graph

is a subdivision of wheel graph. Let v be the single universal

vertex of Gt. Let u1 and u2 be the end vertices of the edge

with Zn,m as edge label. Note that at least one of the vertices

u1 and u2 is of degree greater than 2. Now, we have two dif-
ferent cases.

� Case 1: If either u1 or u2 is v, then we get three edge dis-
joint paths from u1 to u2. So we get a cycle which does
not contain the edge with edge label Zn�1,m: This is a
contradiction to Corollary 3.

� Case 2: If both u1, u2 6¼ v, then lðvÞ 6¼ 0: We have the
following two subcases:
m � 3: Let u1 be the vertex of degree 3. Let u3 be the
vertex of degree 3 such that u2 is adjacent to u3 and u3 is
adjacent to v. Now we have two cycles: vu1u2u3v and the
outer perimeter cycle from u2 to u2. Note that, these two
cycles have only two edges in common i.e., u1u2 and
u2u3: Also, the edge label of u1u2 is Zn,m and we get a
cycle which does not contain either the edge with Zn�1,m

as edge label or the edge with Zn�2,m as edge label. Thus
for m � 3, in either case, it is a contradiction to
Corollary 3.

� m ¼ 2: Without loss of generality, let v and u1 are adja-
cent. Let u3 be the vertex adjacent to u2 and v. Let fk
denote the k-th Fibonacci number. Consider the cycle C :

vu3u2u1v: Since fn is an edge label of C, by Corollary 3,
fn�1 must be an edge label of one of the edges of C.
Now, by Lemma 2, we get that fn�3 and fn�4 are the
remaining edge labels (otherwise it will give contradic-
tion to Lemma 2). If the edge label of vu3 is fn�1, then
by Corollary 3 and Lemma 2, the cycle of length four
different from the cycle C, which has vu3 as one of its
edge, must have fn�2, fn�4, fn�5 as edge labels. This is not
possible (since fn�4 is one of the edge labels of the cycle
C : vu3u2u1v). The same contradiction arises for fn�1 to
be the edge label of vu1. So, fn�1 is the edge label of
u2u3: Without loss of generality, let l0ðvu1Þ ¼ fn�3 and
l0ðvu3Þ ¼ fn�4, where l0 is the derived edge labeling. Now
consider the cycles C1 and C2 which have vu1 and vu3 as
one of its edges, respectively. Clearly, C1 and C2 does not
share any edge (since we consider only Gt , t � 4). To sat-
isfy Lemma 2 and Corollary 3, the only possible remain-
ing edge labels of C1 are fn�2, fn�5, fn�6: This implies that,
the largest edge label in C2 is fn�4: By Corollary 3, fn�5

should be an edge label of one of the edges of C2, which
is not possible.

Thus, Gt , t � 4, is not m-bonacci graceful for all m � 2: w

Figure 5. Gear graph G4.

10 K. MAHALINGAM AND H. P. RAJENDRAN



4.1. Triangular grid graph

Triangular grid graph is a graph with vertex set V ¼
fði, j, kÞ : iþ jþ k ¼ n, i, j, k � 0g and two vertices
ði1, j1, k1Þ and ði2, j2, k2Þ are adjacent if and only if ji1 � i2j þ
jj1 � j2j þ jk1 � k2j ¼ n: We denote such graphs by TGn.

The graph TGn has ðnþ1Þðnþ2Þ
2

vertices and 3nðnþ1Þ
2

edges. Note

that, when n¼ 0, TGn is K1 and when n¼ 1, TGn is K3. The
graph TG3 is given in Figure 6. In the following result, we
show that TGn, n � 2, is not m-bonacci graceful 8m � 2:

Proposition 4. The triangular grid graph TGn is not m-
bonacci graceful for all m � 2, n � 2:

Proof. Let m� 3. Then, by Proposition 1, TGn, n � 2, is

not m-bonacci graceful. Let m¼ 2 and N ¼ 3nðnþ1Þ
2

denote

the number of edges in TGn. Let fk denote the k-th
Fibonacci number. To the contrary, assume that there
exists an n such that TGn is Fibonacci graceful. Then, fN
is an edge label of some edge uv in TGn. At most one ver-
tex of u and v can have degree 2. Now, we have
two cases.

� Case 1: If degðuÞ, degðvÞ 6¼ 2, then the edge uv lies in
two different cycles. But, at most one of the two cycles
can have fN�1 as one of its edge labels. This is a contra-
diction to Corollary 3.

� Case 2: If deg(u) ¼ 2, then let w be another vertex which
is adjacent to both u and v in TGn. By Lemma 2 and
Corollary 3, fN�1 and fN�2 are the other two edge labels
of the cycle uvwu. If fN�1 is the edge label of vw, then
another triangle which has vw as one of its edge labels
can not have fN�2 as one of its edge labels, which is a
contradiction to Corollary 3. Hence, the edge label of uw
and vw is fN�1 and fN�2 respectively. Now, consider the
triangle vwtv, t is another vertex of TGn adjacent to v
and w. Now, by Lemma 2 and Corollary 3, the edge
labels are fN�3 and fN�4: Without loss of generality, let
fN�3 be the edge label of the edge vt. Now, the triangle
different from vtwv and uvwu which has vt as one of its
edge can not have fN�4 as one of its edge labels, which is
a contradiction to Corollary 3.

Hence, the result. w

5. m-Bonacci graceful graphs

In this section, we discuss some special graphs which are m-
bonacci graceful. We start the section with cycles. We begin
by answering for what values of n and m, Cn is m-bonacci
graceful. The following theorem gives a characterization for
all cycles Cn that are m-bonacci graceful. In [2], Bange et al
found the values of n for which Cn is Fibonacci graceful.
The following theorem is the generalization of the result to
any m.

Theorem 3. Let m� 2. The cycle Cn with n vertices is m-
bonacci graceful if and only if n � 0, 2, 3, :::, m� 1
or m ðmodðmþ 1ÞÞ:

Proof. Consider a cycle Cn of length n. Let n � 0, 2, 3,
:::, m� 1 or m ðmodðmþ 1ÞÞ: Then, n ¼ kðmþ 1Þ þ t for
some t 2 f0, 2, 3, :::,mg: Let v1, v2, :::, vn be the vertices of
Cn. We give a labeling for Cn as follows:

lðvjÞ ¼

0 j ¼ 1

Zn,m j ¼ 2

lðvj�1Þ � Zn�ðj�2Þ,m 3 � j � mþ 1

8

>

<

>

:

(2)

For 1 � i � k,

lðviðmþ1ÞþjÞ ¼

lðviðmþ1ÞÞ þ Zn�iðmþ1Þ,m j ¼ 1

lðviðmþ1Þþ1Þ � Zn�ðiðmþ1Þ�1Þ,m j ¼ 2

lðviðmþ1Þþðj�1ÞÞ � Zn�ðiðmþ1Þþðj�2ÞÞ,m 3 � j � mþ 1

8

>

<

>

:

(3)

Here lðv2Þ¼Zn,m> lðv3Þ> ���> lðvmþ1Þ¼ lðvmÞ�Zn�ðm�1Þ,m¼

Zn�ðm�2Þ,m>0: Again lðvmþ2Þ ¼ Zn�ðm�2Þ,m þ Zn�ðmþ1Þ,m >

lðvmþ3Þ > ::: > lðv2ðmþ2ÞÞ > 0: Here lðvmþ1Þ < lðvmþ2Þ and

lðvmþ3Þ ¼ Zn�ðm�2Þ,m þ Zn�ðmþ1Þ,m � Zn�m,m < Zn�ðm�2Þ,m ¼

lðvmþ1Þ: Hence, all the labels are distinct and positive inte-
gers. Proceeding in the same way, we get that all the labels
are distinct. The difference of each adjacent vertex label is
distinct m-bonacci numbers (clear from the construction of
labels). Hence, Cn is m-bonacci graceful.

Conversely, suppose Cn is m-bonacci graceful for some
m. One can easily observe that by Theorem 1, Cn is not m-
bonacci graceful if n � 1ðmodðmþ 1ÞÞ: From Equations (2)
and (3), Cn is graceful for n � 0, 2, 3, :::, m� 1 or
m ðmodðmþ 1ÞÞ: Hence, the result. w

The following corollary gives the vertex label of particular
vertices of Cn.

Corollary 5. Let Cn : v1v2v3:::vnv1 be an m-bonacci graceful
cycle for some m� 2, and labeled as given in Theorem 3.
Then, lðviðmþ1ÞÞ is an m-bonacci number for all i � 1:

Proof. We prove this result by induction on i. By Theorem
3, we have the following:

lðvmþ1Þ ¼ Zn,m � Zn�ðm�1Þ,m � Zn�ðm�2Þ,m � � � � � Zn�1,m

¼ Zn�m,m

Therefore, the result is true for i¼ 1. Assume that lðviðmþ1ÞÞ

is an m-bonacci number. Let lðviðmþ1ÞÞ ¼ Zs,m for some s.

By construction, it is easy to verify that s ¼ n� ðiðmþ 1Þ �
1Þ: By Theorem 3, we have,

Figure 6. Triangular grid graph TG3.
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lðvðiþ1Þðmþ1ÞÞ ¼ lðviðmþ1ÞÞ þ Zn�iðmþ1Þ,m � Zn�ðiðmþ1Þ�1Þ,m

� Zn�ðiðmþ1Þþ1Þ,m

� Zn�ðiðmþ1Þþ2Þ,m � � � � � Zn�ðiðmþ1Þþm�1ÞÞ,m

¼ lðviðmþ1ÞÞ þ Zn�ðiðmþ1ÞþmÞ,m � Zn�ðiðmþ1Þ�1Þ,m

¼ Zn�ðiðmþ1ÞþmÞ,m

(4)

From Equation (4), lðvðiþ1Þðmþ1ÞÞ is an m-bonacci number.

By induction, the result is true for all i. w

The next simple special class of graph is the tree. For any

m, we can give graceful labeling to K1 and K2. For n¼ 4 and

m � 3, the only tree which cannot be m-bonacci gracefully

labeled is K1, 4: K1, n is not m-bonacci graceful for any m � 2

(refer Proposition 2). For m� 3, except K1, 4 all trees with

five edges are m-bonacci graceful.
The following theorem provides m-bonacci graceful label-

ing for any tree with edges more than 5. We omit the proof

as it is similar to the proof given by Bange et al. Few exam-

ples are shown in the Figures 7–9.

Theorem 4. All trees Tn with n � 6, where n denotes the

number of edges, except for K1, n, are m-bonacci graceful for

all m� 2.

5.1. Friendship graph

The Friendship graph Frtn is obtained by joining n copies of

Ct with a common vertex. An example of Fr48 is given in

Figure 10. By Proposition 1, Frtn, n > 1, t � m, is not m-

bonacci graceful for all m� 2. In the following result, we

find values of t such that the Friendship graph Frtn is m-

bonacci graceful for all m� 2.

Theorem 5. Let m � 2. The friendship graph Fr
kðmþ1Þ
n is m-

bonacci graceful for all k � 1

Proof. Let v be the common vertex with vertex label 0. We

denote by A1,A2, :::,An the distinct cycles in Fr
kðmþ1Þ
n : Let

the vertices of each Ai, 1 � i � n, be v, vi2, v
i
3, :::, v

i
kðmþ1Þ in

that order. We label the vertices of cycle Ai in a similar way

as given in Theorem 3 with the starting label lðvi2Þ ¼

Zðn�ði�1ÞÞkðmþ1Þ,m: By Corollary 5, lðvikðmþ1ÞÞ is an m-bonacci

number. The derived edge labels of Ai are: Zðn�ði�1ÞÞkðmþ1Þ,m,

Zðn�ði�1ÞÞkðmþ1Þ�1,m, :::,Zðn�ði�1ÞÞkðmþ1Þ�m,m: Thus, the vertex

labels and edge labels are distinct and hence the result. w

3-bonacci graceful labeling of Fr48 is shown in the

Figure 10.

Another variant of Friendship graph denoted by �Frkn is

obtained by joining n copies of Fk with a common vertex,

where Fk is a fan on kþ 1 vertices. When k¼ 2, �Frkn is noth-

ing but Fr3n which is Fibonacci graceful. Thus, we take k> 2.

Note that, by Proposition 1, the fan graph Fk for k> 2 and
�Frkn are not m-bonacci graceful for all m � 3: The following

result gives a Fibonacci graceful labeling of �Frkn for k � 2:

Theorem 6. The friendship graph �Frkn is Fibonacci graceful
for all n � 1 and k � 2:

Proof. Let v be the common vertex and let A1,A2, :::,An

denote the n copies of the fan graph Fk respectively. Let the
vertices of Ai be ui1, ui2, :::, uik such that uij is adjacent with
vertex v for all 1 � j � k and uij is adjacent with vertex
uiðjþ1Þ for all 1 � j � k� 1: Label the vertex v as 0.

For 1 � j � k, we label the vertices of Ai as follows:

lðuijÞ ¼
f2ði�1Þk�iþ2j : i odd

f2ði�1Þk�iþ2ðj�1Þ : i even

(

Clearly, the vertex labels and edge labels are distinct. Thus,
�Frkn is Fibonacci graceful. w

A Fibonacci graceful labeling of �Fr54 is given in Figure 11.

5.2. Polygonal snake graph

A polygonal snake graph is obtained from a path Pt by
replacing each edge of Pt by Cn i.e., for each edge in the
path Pt a cycle of length n is adjoined. It is denoted by PSt, n
where t denotes the number of vertices of the path and n
denotes the number of edges of the cycle Cn. Hence, PSt, n
has tðn� 1Þ � ðn� 2Þ vertices and nðt � 1Þ edges. An
example is shown in Figure 12.

Theorem 7. The Polygonal snake graph PSt,mþ1 is m-bonacci
graceful for all t � 1 and m� 2.

Proof. Let PSt,mþ1 denote the polygonal snake graph with
tm� ðm� 1Þ vertices and N ¼ ðmþ 1Þðt � 1Þ edges and let
A1,A2, :::,At�1 be the cycles of PSt,mþ1 in that order. Denote
the vertices of Ai by ui1, ui2, :::, uiðmþ1Þ for all 1 � i � t � 1:

Note that, uiðmþ1Þ ¼ uðiþ1Þ1 for all 1 � i � t � 2: We label

the vertices of A1 as follows:

lðu11Þ ¼ 0, lðu12Þ ¼ ZN,m,

lðu1jÞ ¼ lðu1ðj�1ÞÞ � ZN�ðj�2Þ,m, 3 � j � mþ 1:

Here, lðu12Þ > lðu13Þ > ::: > lðu1ðmþ1ÞÞ: Thus, the vertex

labels of A1 are all distinct. Now, we have the following:

Figure 7. 4-bonacci graceful labelling of a caterpillar.

Figure 8. m-bonacci graceful labelling of trees with 4 edges, m � 3:
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lðu1ðmþ1ÞÞ ¼ lðu1mÞ � ZN�ðm�1Þ,m

¼ ZN,m �
X

N�1

i¼N�ðm�1Þ

Zi,m

¼ ZN�m,m

(5)

Thus, the derived edge labels are ZN,m,ZN�1,m, :::,ZN�m,m:

We have ui1 ¼ uði�1Þðmþ1Þ, 2 � i � t � 1: We now label the

vertices of Ai, 2 � i � t � 1 inductively as follows:

lðui2Þ ¼ lðui1Þ � ZN�ði�1Þm�1,m

lðuijÞ ¼ lðuiðj�1ÞÞ þ ZN�ði�1Þm�ðj�1Þ,m, 3 � j � mþ 1

Clearly, for a given Ai, 2 � i � t � 1,

lðuiðmþ1ÞÞ > lðuimÞ > lðuiðm�1ÞÞ > � � � > lðui2Þ (6)

and for 2 � j � mþ 1, we have the following:

lðuijÞ ¼ lðuiðj�1ÞÞ þ ZN�ði�1Þm�ðj�1Þ,m

¼ lðui1Þ � ZN�ði�1Þm�1,m þM1

(7)

where,

M1 ¼
X

N�ði�1Þm�2

a¼N�ði�1Þm�ðj�1Þ

Za,m

Since M1 adds at most m – 1 consecutive m-bonacci
numbers, from Equation (7), we have

lðuijÞ < lðui1Þ, 2 � j � mþ 1

Figure 9. 5-bonacci graceful labeling of a non-caterpillar.

Figure 10. Tribonacci graceful labeling of Fr48 : Figure 11. Fibonacci graceful labeling of �Fr54 :

Figure 12. 4-bonacci graceful labeling of PS4, 5:
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Thus, all vertices of the polygon Ai for 2 � i � t � 1, have

distinct labels. We now show that for any two Ap and Aq,

2 � p, q � t � 1, such that p 6¼ q the vertex labels of Ap and

Aq are all distinct. We first prove the following claim.

Claim: For i � 2, we have lðuiðmþ1ÞÞ > lðuðiþ1Þðmþ1ÞÞ

and lðuðiþ1Þ2Þ > lðuimÞ

From Equation (7), we get that lðui1Þ > lðuiðmþ1ÞÞ 8i � 2:

Since uiðmþ1Þ ¼ uðiþ1Þ1, we have lðuiðmþ1ÞÞ > lðuðiþ1Þðmþ1ÞÞ:

The only thing left to prove is lðuðiþ1Þ2Þ > lðuimÞ: We have

that,

lðuðiþ1Þ2Þ ¼ lðuðiþ1Þ1Þ � ZN�im�1,m ðvertex labeling of Aiþ1Þ

¼ lðuiðmþ1ÞÞ � ZN�im�1,m ðsince uiðmþ1Þ ¼ uðiþ1Þ2Þ

¼ lðui1Þ � ZN�ði�1Þm�1,m

þ
X

N�ði�1Þm�2

a¼N�im

Za,m � ZN�im�1,m ðFrom Eq: 7Þ

(8)

Also we have,

lðuimÞ ¼ lðui1Þ � ZN�ði�1Þm�1,m þ
X

N�ði�1Þm�2

a¼N�ði�1Þm�ðm�1Þ

Za,m (9)

From Equations (8) and (9), we get lðuðiþ1Þ2Þ � lðuimÞ ¼

ZN�im,m � ZN�im�1,m > 0 since N � im > 2: Hence,

lðuðiþ1Þ2Þ > lðuimÞ and the claim holds.

By claim and Equation (6), it is clear that the vertex

labels of A2,A3, :::,At�1 are all distinct. We now show that

the vertex labels of A1 and Ai for 2 � i � t � 1 are distinct.

In A1 we have,

lðu12Þ > lðu13Þ > � � � > lðu1ðmþ1ÞÞ ¼ lðu21Þ (10)

We have from Equation (6), lðu21Þ > lðu2jÞ, 2 � j � mþ 1:

Hence, by the above claim and Equation (10), the vertex

labels of PSt,mþ1 are all distinct from each other. By

calculation, we get that lðuiðmþ1ÞÞ � lðui1Þ ¼ ZN�iðmþ1Þ,m: By

construction, other edge labels are distinct m-bonacci num-
bers. Hence, PSt,mþ1 is m-bonacci graceful. w

A 4-bonacci labeling of PS4, 5 is given in Figure 12.

5.3. Double polygonal snake graph

The double polygonal snake graph denoted by DðPSt, nÞ is
obtained from the path with edges e1, e2, :::et�1 by adjoining
two different cycles of length n to each ei as the common
edge for all 1 � i � t � 1:

Note that, DðPSt, nÞ has ðt � 1Þð2n� 3Þ þ 1 vertices and
ðt � 1Þð2n� 1Þ edges. An example of such a graph is given
in Figure 13.

Theorem 8. The double polygonal snake graph DðPSt,mþ1Þ is
m-bonacci graceful for all m� 2.

Proof. The graph DðPSt,mþ1Þ has ðt � 1Þð2m� 1Þ þ 1 verti-
ces and N ¼ ðt � 1Þð2mþ 1Þ edges. Let Ai and Bi denote
the two different cycles associated with edge ei of the path
Pt, 1 � i � t � 1: Let uij and wij denote the vertices of cycles
Ai and Bi respectively, 1 � j � mþ 1: For each i such that

1 � i � t � 1, we have ui1 ¼ wi1, uiðmþ1Þ ¼ wiðmþ1Þ: We label

the vertices of A1 as follows:

lðu11Þ ¼ 0, lðu12Þ ¼ ZN,m,

lðu1jÞ ¼ lðu1ðj�1ÞÞ � ZN�ðj�2Þ,m, 3 � j � mþ 1
(11)

Clearly the vertex labels are distinct as lðu12Þ > lðu13Þ >

� � � > lðu1mÞ > lðu1ðmþ1ÞÞ: Also, we have the following:

lðu1ðmþ1ÞÞ ¼ lðu1mÞÞ � ZN�ðm�1Þ,m

¼ ZN,m �
X

N�1

i¼N�ðm�1Þ

Zi,m

¼ ZN�m,m

(12)

From Equations (11) and (12), the derived edge labels of the
edges of A1 are ZN,m,ZN�1,m, :::,ZN�m,m: We now label the
vertices of B1 as follows:

lðw1mÞ ¼ lðu1ðmþ1ÞÞ � ZN�m�1,m

lðw1jÞ ¼ lðw1ðjþ1ÞÞ � ZN�2mþðj�1Þ,m, 2 � j � m� 1
(13)

Figure 14. 3-bonacci labeling of DðPS4, 4Þ:

Figure 13. DðPS4, 3Þ:
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We have, lðu1ðmþ1ÞÞ > lðw1mÞ > lðw1ðm�1ÞÞ > � � � > lðw12Þ >

lðw11Þ ¼ lðu11Þ: Hence, the label of vertices of A1 and B1 are
distinct. By the definition of lðw12Þ, we have the following:

lðw12Þ ¼ lðw13Þ � ZN�2mþ1,m

¼ ZN�m,m �
X

N�m�1

i¼N�2mþ1

Zi,m

¼ ZN�2m,m

(14)

From Equations (13) and (14), the derived edge labels of B2
are ZN�m,m,ZN�m�1,m, :::,ZN�2m,m, where ZN�m,m is the
edge label of the edge e1 ¼ u11u1ðmþ1Þ:

We now label the vertices of Ai and Bi, i � 2 as follows:

lðui2Þ ¼ lðui1Þ � ZN�ði�1Þð2mþ1Þ,m

lðuijÞ ¼ lðuiðj�2ÞÞ þ ZN�ði�1Þð2mþ1Þ�ðj�2Þ,m, 3 � j � mþ 1

lðwimÞ ¼ lðuiðmþ1ÞÞ þ ZN�ði�1Þð2mþ1Þ�ðmþðm�2ÞÞ,m

lðwijÞ ¼ lðuiðjþ1ÞÞ þ ZN�ði�1Þð2mþ1Þ�ðmþðj�1ÞÞ,m, 3 � j � m

(15)

From Equation (15), we have, lðui2Þ < lðui3Þ < � � � <

lðuimÞ < lðuiðmþ1ÞÞ < lðwimÞ < lðwiðm�1ÞÞ < � � � < lðwi2Þ: The

edge label of ui1uiðmþ1Þ is

lðui1Þ � lðuiðmþ1ÞÞ ¼ lðuði�1ÞmÞ þ ZN�ði�2Þð2mþ1Þ�ðm�1Þ,m

� lðuimÞ þ ZN�ði�1Þð2mþ1Þ�ðm�1Þ,m

� �

¼ ZN�m�ði�1Þð2mþ1Þ,m

(16)

Similarly, we get that lðui1Þ � lðwi2Þ ¼ ZN�2m�ði�1Þð2mþ1Þ,m:

Thus, the derived edge labels are distinct m-bonacci num-
bers. The proof that the vertex labels are distinct is as same
as that of Theorem 7. Hence, the result. w

A 3-bonacci graceful labeling of DðPS4, 4Þ is given in
Figure 14.

6. Conclusion

We defined new graceful labeling called m-bonacci graceful
labeling and gave labeling for some special class of graphs.
We also found some particular classes of graphs that are not

m-bonacci graceful. It will be interesting to look into the m-

bonacci graceful labeling of G �H, where G and H may or

may not be m-bonacci graceful and � is a graph operation.
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