DE GRUYTER J. Inverse Ill-Posed Probl. 2016; aop

Research Article

M. Thamban Nair* and Samprita Das Roy

A linear regularization method for a nonlinear
parameter identification problem

DOI: 10.1515/jiip-2015-0091
Received October 3, 2015; revised September 22, 2016; accepted September 28, 2016

Abstract: In order to obtain regularized approximations for the solution g of the parameter identification
problem -V.(qVu) = f in Q along with the Neumann boundary condition qg—ﬁ = g on 0Q, which is an
ill-posed problem, we consider its weak formulation as a linear operator equation with operator as a function
of the data u € WH*(Q), and then apply the Tikhonov regularization and a finite-dimensional approxima-
tion procedure when the data is noisy. Here, Q is a bounded domain in R? with Lipschitz boundary, f € L2(Q)
and g € H /2(9Q). This approach is akin to the equation error method of Al-Jamal and Gockenback (2012)
wherein error estimates are obtained in terms of a quotient norm, whereas our procedure facilitates to obtain
error estimates in terms of the regularization parameters and data errors with respect to the norms of the
spaces under consideration. In order to obtain error estimates when the noisy data belongs to L2(Q) instead
of WbH°(Q), we shall make use of a smoothing procedure using the Clement operator under additional
assumptions of Q and u.
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1 Introduction

Let Q be abounded domain in RY with Lipschitz boundary. We consider the problem of identifying the param-
eter function g(x), x € Q, from the observations on another function u(x), x € Q, which satisfies the PDE

-V.(qVu)=f inQ, (1.1)
along with the boundary condition
ou
qg =g onoqQ, (1.2)

where f € L2(Q), g € H"Y2(3Q) and v is the unit outward normal to 0Q. It is known that the above problem
is ill-posed (cf. [7]).

In [1], Al-Jamal and Gockenback considered an equation error method to obtain regularized approxima-
tions for the weak formulation of the above problem. The existence and uniqueness of a solution using this
method is proved in [12], and stability results and error estimates are obtained in [1] (see also [10]). Here we
look into the same problem but with a different approach. We convert the nonlinear problem into a linear
operator equation with operator as a function of data and then use a Tikhonov-type regularization and its
finite-dimensional realizations. By this procedure, the existence, the uniqueness and stability results follow
and error estimates are obtained by applying standard results in regularization theory (cf. [15]). The error
estimates are better compared to the results in [1], in the sense that in [1] the bound for the error is in terms of
some quotient norm, whereas our estimates for the actual error are in terms of the norms of the space under
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consideration. The abstract formulation of the method of this paper is somewhat similar to the procedure
adopted in Cao and Pereverzev [5] and Cao and Nair [4].

2 Operator theoretic formulation

We consider the problem of identifying the parameter function g(x), x € Q from the observations on another
function u(x), x € Q which satisfies the PDE (1.1) along with the boundary condition (1.2), where f € L?(Q)
and g € H /2(0Q). We look for a q in an appropriate function space such as L?(Q) or H*(Q) which satisfies
the weak form of (1.1)-(1.2), namely,

J q(x)Vu(x).Vv(x) dx = jf(x)v(x) dx + J g(x)v(x)dx forallv e HY(Q) (2.1)
Q Q 20

for u € WH°(Q). Equation (2.1) can be written as
Tu(q)(v) = ©(v), (2.2)
where

Tu(q)(v) := J-q(x)Vu(x).Vv(x) dx, v e HY(Q),

Q
D) := jf(x)v(x) dx + J gx)v(x)dx, veHY(Q).
Q o)

Thus, the inverse problem at hand is the following: given u € W5*(Q), find g in L2(Q) or H'(Q) such that
(2.2) is satisfied. Clearly, this is a nonlinear problem, and we shall show that it is also ill-posed (see Theo-
rem 2.3). However, the above operator formulation enables us to use linear regularization methods. We shall
use the well-known Tikhonov regularization for this purpose and derive error estimates. First, let us observe
some properties of the operator g — T,(q). We may also observe that if |Vu| = 0 a.e., then T, = 0. Thus, the
inverse problem is non-trivial only when |Vu| > 0 a.e. (See Theorem 2.4.)

In the following, we shall use the notations || - [|;> and || - [z~ for the norms | - |[z2(qy« and |- [l {ze(qyjas
respectively. Also, the dual of H'(Q) is denoted by H*(Q)*.

Theorem 2.1. Let w € W1°(Q) and let

Tyw(q)(V) := Jq(x)Vw(x).Vv(x) dx forq e L*(Q), ve H(Q). (2.3)
Q
Then we have the following:
(i) Tw(q) € HY(Q)* for every q € L?>(Q), and T,, : L*(Q) — H'(Q)* is a bounded linear operator such that
ITwll < IVWllLeo()-
(ii) Tw:HY(Q) - HY(Q)* is a compact operator.
Proof. Let q € L?(Q). Then we observe that the map T,,(q) : H'(Q) — Ris linear, and for every v ¢ H(Q) we
have

ITw(@)(V)| < JIQ(X)VW(X).VV(X)I dx
Q
< lgVwi2 (Vv

< VWl liglizzylviiai@)-
Thus, Tw(q) € H'(Q)* and
ITw(DI < IVWIL=llglrz(q),

so that Ty, : L2(Q) — H'(Q)* is a bounded linear operator and || T || < [|[VW| rco.

Brought to you by | University of lllinois Urbana Champaign
Authenticated
Download Date | 12/30/16 8:58 AM



DE GRUYTER M. T. Nair and S. Das Roy, Nonlinear parameter identification problem = 3

It is known, under the assumptions on Q, that the embedding of H(Q) in L2(Q) is compact (cf. [21]).
Hence, being a composition of a compact operator with a bounded operator, T,, as an operator from H(Q)
into H1(Q)* is a compact operator (cf. [14]). O

Theorem 2.2. For f € L?(Q) and g € H"Y/2(0Q) let ® be defined by

D(v) := If(x)v(x) dx + J gx)v(x)dx, veHY Q).
Q 20

Then ® € HY(Q)* and
1D1 < Ifllz2q) + I8llH-12(q)-
Proof. Forv € H(Q) we have

[P(v)| < Jlf(X)V(X)I dx + Jlg(X)V(X)I dx
Q 20
< Al vVle @) + 1812 00)IVIE ()

= (IAlz2 ) + IgNE-1200)) VI (@) -
Hence, ® € H(Q)* and |®|| < [fll2q) + IglH-12(q)- O

Theorem 2.3. Let 3 be either L*>(Q) or H'(Q). Then the map q — u from H to WH(Q) satisfying (2.2) does
not have a continuous inverse.

Proof. Letf € L2(Q) and g € H"1/2(Q). Let g in H and u in W (Q) be such that they satisfy equation (2.1).
For n € N let u, := % and g, := nq. Then for each n € N we have u, € W»*(Q) and g, € H, and g, is the
solution of the inverse problem (2.2) with u, as data, in place of u. Thus, we have

Tu,,(Qn) = .

Note that 1
lunllwieo@) = H"u”WL‘X‘(Q) — 0 asn— oo,

whereas
gnllsc = nllgllsc —» co asn — oo.

Thus, we have proved that the map g — u from H to W1*(Q) satisfying (2.2) does not have a continuous
inverse. O

In view of the above theorem, the inverse problem of finding g € H from the datau € W1 (Q) satisfying (2.2)
is ill-posed.

The next observation is important in the context of applying the Tikhonov regularization and its finite-
dimensional realizations.

Theorem 2.4. Letw € WH(Q) be such that |Vw| > O a.e. Then the operator T,, : H{ — H'(Q)* definedin (2.3)
is of infinite rank. In particular, T,, as an operator from H'(Q) to H(Q)* is a compact operator of infinite rank.

Proof. Forn € N let B,, be a sequence of open balls in Q such that B, N By, = 0 for m + n. Also foreachn € N
let B}, and B)] be open balls in Q such that B, ¢ B}, ¢ By, with the inclusions being proper. Let g, € C(Q) be
such that 0 < g, < 1, ¢, = 1 on B and supp(qy) < Bj,. We show that {T\,(qy,) : n € N} is an infinite linearly
independent set in H'(Q)*, which will prove that T,, is of infinite rank. For this, let v,, € C°(Q) be such that
vn = 1 on B}, and supp(v,) € By. Then v,w € HY(Q) and V(v,w) = Vw on Bj, forall n € IN. Also,

Ty (gn)(Vaw) = J gnlVw|? foralln e N (2.4)
B}
and
Tw(gm)(vaw) =0 foralln,m e N with n # m. (2.5)
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Now, let k e Nand cq, ..., cx in R be such that Z’;Zl cnTw(gn) = 0. Then

k
Y caTw(@)(vmw) =0, m=1,...,k
n=1

Hence, using (2.4) and (2.5), we obtain

Jchm|VW|2=O, m=1,...,k.

B
Now,
IqMVMZZJWWF>Q
Bl Bl
Therefore, ¢, =0 for m=1,..., k. Thus, we have proved that {T,,(gn) : n € N} is an infinite linearly
independent set in H'(Q)*. The particular case follows since the inclusion operator from H'(Q) to L2(Q) is
compact. O

3 Regularization with noisy data

We use the notation  to denote either L?(Q) or H*(Q). The inner product and norm in a Hilbert space H are
denoted by (-, - )y and || - || g, respectively, and no subscripts will be used for the operator norms.

We assume that u € W5*°(Q) is such that the operator equation (2.2) has a unique solution g € . Now,
instead of u € W°(Q), let us suppose that the available data is z €¢ W1 (Q) with

lu - zllwreo) < 6

for some 6 > 0.

Remark 3.1. In many of the practical situations, one may not be knowing that the noisy data belongs to
W1-(Q); we may only have a noisy data in L?(Q). In Section 5, we take care of this situation for the case
when Q is a polygonal domain in R? and u is in H*(Q) by considering a “smoothing procedure” as in [11]
and [6], and make use of the analysis which is being carried out under the assumption of z € W1®(Q).

In the previous section, we saw that the problem of finding g € H'(Q) from the data u € W (Q) satisfy-
ing (2.2) is an ill-posed problem. Thus, in order to find a stable approximation of g, we have to use some
regularization procedure. For this purpose, we consider a Tikhonov-type regularization of (2.2) with T, in
place of Ty. So let gy u, qa,z in H be such that

(T, Ty +alqay =T, (3.1)

and
(T:T, + al)qq, = T; O, 3.2)

respectively. We remark that the above formulation is different from the standard Tikhonov method. In the
standard Tikhonov regularization, the right-hand side involves the noisy data, whereas above, the noise is
only in the operator. Note that the adjoint operators T}, and T} are from H*(Q)* into 3 and the operators
T: Ty, and T; T, on K are self adjoint and positive definite so that (3.1) and (3.2) are well-posed equations.
Now, the question is whether

l9a,z = qa,ullic = 0 asé — 0.

To address this issue, we may recall from Theorem 2.1 that, if wi, w, € WH*°(Q), then
ITw, = Tw, Il = 1Twy-w, | < IV(W1 = W)L < lw1 = Wallwreo(q).
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In particular, we have
IT, -~ Tull = 0 asé — O.

Therefore, modifying the proof of [15, Corollary 5.1] (see also [19, Lemma 2.1]) we derive the following sta-
bility and convergence results.

Theorem 3.2. Let gq,, and qq,, be asin (3.1) and (3.2), respectively. Then
1
19a,z = qa,ulloc < —alltJII:}cll T, - Tul.
In particular,

g - qa,zlloc < llg - || +5|| |
qd—qazlx =19 — qa,ullx \/aq%

and
l9a,z — qa,ullsc = O as 56— 0.

Proof. We have already assumed that q is a solution of (2.2). Hence, we have
Qaz—Gau=TiT,+al) ' T;® — (T Ty +al) ' T; D
=(T;T,+a) ' T; Tyq — (T, Ty + a1 T: Tyq
=(T;T,+al) ' T3(Ty -~ T) T Ty(TTy + aD) tq + a(TE T, + al) N(T; - T3 (T Ty + al) * Tyq.

We know that (see [15, Corollary 4.5, Lemma 4.1])

T2 T, +al)y 1T < ﬁ (T T} + ah) ™' T, < ﬁ
T Tu(Ty + a7t <1, (T:T, +aD)™ | < %
Thus, we obtain
19,z - daullzc < %nqn%un - Tl
The particular cases follow since
19 — qa,ullsc <1lg = gaulloc + 1ga,u — ga,zll5¢c
and | T, - Tyl < llz - ullgc < 6. O

We may recall from the theory of Tikhonov regularization (cf. [7, 15]) that
lg - gaullsc = 0 asa — O.

Thus, for an appropriate choice of the regularization parameter a, say a := as, which satisfies as — 0 and
6/+/as — 0as § — 0, we have
g - qas,zllsc = 0 asé — 0.

4 Finite-dimensional realizations

4.1 Regularized projection method

In order to obtain numerical approximations for the solution of (3.1)—(3.2), it is necessary to use some ap-
proximation method.
Observe that equation (3.2) is same as

(T; T, +al)qa,z, @Y = (T; D, p)3c forall p € H. (4.1)
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In order to obtain a finite-dimensional approximation for g, ,, we consider a finite-dimensional subspace X,
of H and let ¢ in (4.1) vary over X,,. Thus, we look for qf),",)z € X, such that

(T3 T +aDgyy, @)sc = (T;®@, )¢ forall g € Xy,
or, equivalently,
(T:q%%, T:0) () + a{qas, @)ac = (©, T.@)m(qy forall g € Xy. (4.2)
We observe that (4.2) can be represented as
(PuT T:Py + aln)qs = PaT; @, (4.3)

where Pj, : 5 — X is the orthogonal projection whose range is X,. Since the operator P, T; TP, on H is
self adjoint and positive definite, equation (4.3) has a unique solution q&"?z for each a > 0, z € WH®(Q)
andn € IN.

We may observe that (4.3) is similar to (3.2) with T, replaced by T,P,. Thus, the above formulation of
our approximation method is similar to the projection methods used in [13, 15, 20] for an ill-posed opera-
tor equation, where the right-hand side involves the noisy data. In fact, while discussing the computational
issues, we shall consider a more general situation with T, replaced by Q,, T, Py, as has been done in [13, 20].

Let us assume that dim(X,) = nandlet {¢1, ..., ¢,} be abasis of X,,. Expressing the solution q&",)z of (4.2)
as
m _ %
Qax =Y Pj» (4.4)
j=1

equation (4.2) takes the form

n n
Y aiTe0j, Tepid iy + @ ) 4i{@j, 9i)ac = (@, T:@)miy> 1=1,...,n.
j=1 j=1

Thus, the approximate problem (4.2) is equivalent to the matrix equation

Aq +aDq =D, (4.5)
where
A=[a;], D=|[dij], b-=I[bj]
with
aij = (T.9j, T: @) m@)> dij = {@j, Pi)sc,  bi =D, @) ()
fori,j=1,...,n. This procedure can be reversed as well. Thus, to obtain the solution qf,,"?z of (4.2), we may

solve (4.5) for q := [q1, . .., gm] T and then take q,(x"; asin (4.4).

At this point we may recall that for &, n € H'(Q)* we have

&, Mm@+ = (RN, RO m1 (),

where R : HY(Q)* — H'(Q) is the Riesz representation map, that is,
&) = (0, RO g1y, &€ H(Q)*, ¢ € H(Q). (4.6)

In other words, 1 := R¢ is the unique solution of the equation (@, ;) = &(¢) forall p € H(Q), i.e.,

J PP+ j Vo.Vipe = &) forall g € H(Q).
Q Q
Thus,
ajj = (T, T Qi) m () = Wi, ¢j>H1(Q) = jl,[)il/)j + JV!,[)I'.VI,D]' (4.7)
Q

Q

Brought to you by | University of lllinois Urbana Champaign
Authenticated
Download Date | 12/30/16 8:58 AM



DE GRUYTER M.T. Nair and S. Das Roy, Nonlinear parameter identification problem = 7

and
bi = (D, T;@i)m () = (Yi, YV (q) := Jllli‘l’ + JVl/)i-V‘Y,
Q Q

where Yy := R(T,px) € H'(Q) is the unique solution of
J oYy + I V.V = (T, i) (@) := J PVz.Veo, (4.8)
Q Q Q
and ¥ := R® € HY(Q) is the unique solution of
J oV + JV(p.V‘I’ = O(p) := Jf(x)<p(x) dx + J gX)p((x) dx (4.9)
Q Q Q 20
forall ¢ € H'(Q).

Algorithm 4.1. The procedure for obtaining q&")z can be described as follows:
(i) Solve (4.8) and (4.9) to obtain 1, ..., Y, and V.
(i) Compute

(iii) Solve (4.5) to obtain q := [g1, ..., gm]".

(iv) Construct g% := Y, qi@;.

Note that in equations (4.8) and (4.9), ¢ varies over the whole of H'(Q). In the next subsection, we shall
consider the situation in which ¢ varies over a finite-dimensional subspace of H*(Q).

Next, we must obtain a meaningful estimate for the error ||g — qf{f)zllgc. In order to do this, we assume that
H = HY(Q) and for every ¢ € H'(Q) we assume that

lo — Pr@llgio) — 0 asn — oo. (4.10)

By Theorem 2.1, for every w € W*°(Q) we have that T, : H'(Q) — H'(Q)* is a compact operator. There-
fore, T}, : HY(Q)* — H'(Q) is also a compact operator, and hence (see [14])

ITwPn = Twll = I(I = Pn)T,l > 0 asn — oo. (4.11)

It can be shown easily that the requirement (4.10) on (P,) will be satisfied if X, € X1 for all n € N and the
closure of | J;2; Xn is the whole of .
Now, we have the theorem giving the error estimate.

Theorem 4.2. Let g4, and qf,(")z in HY(Q) be as in (3.1) and (4.2), respectively. If e, > 0 is such that
IT.(I - Pp)ll < &n,

then
(6 +en)lglla (o)

Va

g - qur,l;”Hl(Q) <1q - qa,ullar Q) +

Proof. Asin Theorem 3.2 with T, P, in place of T,, we have

) gl Ty = T2Pnll
- 1 < .
l9a,u — qa,zllH1 Q) va

Then
1Ty = TPl < 1Ty = Toll + 1T, = T,Pyll < 6 + &n.
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Thus,

(n)

gl Q) (6 + &n)
I9a,u — da,zllH1(Q) < LR

va

From this, the required estimate follows. O

Remark 4.3. By (4.11), | T.(I - P,)| — 0 as n — co. Hence, the estimate €, of | T,(I — P,)| can be such that
en — 0asn — oo.

4.2 Computational issues

We note that for solving the linear system (4.5) we need to compute the inner products

aij = (T, @;j, T:0i) m () = Wi, Yj)H1(Q)>
bi = (D, T0i)ur(q)- = (Pi, VY (q)

given in (4.7), where ) and ¥ are the solutions of (4.8) and (4.9), respectively. Observe that ¢ in these
equations varies over the infinite-dimensional space H'(Q). Therefore, to obtain numerical approximations
of Y, and ¥, we may vary ¢ over a finite-dimensional subspace X,, of H'(Q), say of dimension m. Thus, we
look for l,b;(m) and ¥ in X,, such that

[owi + [ vo. 09" = (T.p0@) = [ 07250 (4.12)
Q Q Q
fork=1,...,nand
J v 4 j V. VY™ = O(p) := J FOOP(x) dx + J g(0)@(x) dx (4.13)
Q Q Q 0Q

for all @ € X,,. In order to solve the equations in (4.12) and (4.13), we may write

m m
P =Y i@y and WM =Yy,
j=1

j=1
where {(p1, . .., @m} is a basis of X, and substitute these expressions in (4.12) and (4.13). Thus, i, jand y;
forj=1,..., mare obtained by solving the equations
m
Z(J Pipj + J Vfi’i-V(i’j)ﬁk,j = J PrVz.VP;
=179 Q Q
and

([ 905+ [ 79199, )i = [ Fopitn ax+ [ goico dx,

=179 Q Q 20
respectively, fori = 1, ..., m. Thus, an approximation
n
2w =Y qip; (4.14)
i=1
of q&"; in (4.4) is obtained by taking q := [q1, . . ., gx]” which is the solution of the matrix equation
Aq+aDq=h, (4.15)
where

A=[az], D=I[dy], b=I[b]
with
ajj = (ll)l(-m), l/)}(-m)>H1(Q)a dij = {@j, i), bi= <¢§’"), Wy )

fori,j=1,...,n.
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Algorithm 4.4. The procedure for obtaining 743" can be described as follows:

(i) Solve (4.12) and (4.13) to obtain l/)(lm), o U™ and wim),
(ii) Compute

J 1/;(’")1/)(’") j zpﬁ’”).vlp}’"),
Q
J(p]‘}’ m 4 JV(p, vy m
Q
T

(iii) Solve (4.15) to obtain q := [g1, ..., qm]".

~(n,m)

(iv) Construct @u.y ~ := Y1 1 qii.

In order to realize the above procedure in the operator theoretic setting, we assume that the orthogonal pro-
jection IT,, : HY(Q) — H(Q) onto X, satisfies

||(p - Hm‘p”Hl(Q) —0 asm — oo (416)
for every ¢ € H'(Q). Now, let Qy, : H'(Q)* — H'(Q)* be the dual of IT,, that is,
(Qué)(p) = &) forall & € HY(Q)*, ¢ € HY(Q). (4.17)

We shall show that E]&"zm constructed in Algorithm 4.4 satisfies the operator equation

(PuT:QuT,Pp + al)gyy™ = PyT: Qu. (4.18)

Since the operator P, T; QmT.P, on H 1(Q) is self adjoint and positive definite, equation (4.18) has a unique
solution g';™ for each a > 0, z € W*(Q) and n, m € N.

Remark 4.5. If X;, = X, then IT,, = Py, so that
(Qud)(@) = &Ppmep) forall & e HL(Q)*, ¢ € HY(Q).
Let us observe some properties of Q.

Lemma 4.6. Let Qn : HY(Q)* — HY(Q)* be as in (4.17). Then Q,, is an orthogonal projection satisfying
RQp = I;uR, where R : HY(Q)* — HY(Q) is the Riesz representation map defined as in (4.6) and

1Qmé - &) = 0 asm — oo.
Further, for every w € W-*°(Q) we have
1QmTy = Tyl > 0 asm — oo.
Proof. We note that
(Qm(Qmé)) (@) = (Qmé&)ITne) = {Mln(ITne)] = EIlne) = (Qmé) (@)
for & € HY(Q)* and ¢ € HY(Q). Thus, Qn, is a projection operator.
For £ € HY(Q)* and ¢ € H'(Q) we have
(Qmé) (@) = EInme) = (Ine, R m(q) = (@, ImRE) m1(q),
so that RQ,,¢ = I,RE forall ¢ € HY(Q)*, and hence RQ, = I, R.
Also, for &, n € H'(Q)* we have
(&, Ma) = (RN, RO p1(q)-
Hence, foré,n e H 1(Q)*, using the fact that P, is orthogonal, we have
(Qmé&, M)+ = (RN, RQm&) 1 (q) = (RN, IimRE) i1 (q)
= (IlmRn, R i1 (q) = (RQmN, RE) i1 (q)
= (& Qmn) H1 ()" -

Thus, Q,, is an orthogonal projection.
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Since RQy, = IR, for each & € H1(Q)*, we have
1Qmé = &l ) = IR(Qmé = Ol (@) = MmRE - Réllzi@) — 0 asm — oo.
Let w € W5°°(Q). Then the compactness of the operator T,, implies (cf. [14])
1QmTw — Twll = (Qm = DTwl — 0 asm — oo. U

Theorem 4.7. Let Q,, : HY(Q)* — H'(Q)* be the orthogonal projection from Lemma 4.6. Then we have

(QmT:9j, QuT.0i)mQ)- = (l/JEm), lp;m))Hl(Q),
(D, QmT:9i) 1 (@) = <¢§’"), YY)

fori,j=1,...,n, where lpim),for k=1,...,n and ¥™ arein X, satisfying (4.12) and (4.13), respectively.

Proof. By Lemma 4.6, RQy, = II,,R. Hence,

(QmT.9j, QuT@i)p () = (RIQuT-@il, RIQm T ;1) H1(Q)
= (L R(T> 1), nR(T 0j)) 1 ()
= (", ll),(-m)>H1(Q),

where 1/)5('") := I R(Tz¢1) € Xm. Note that for every ¢ € X,,, we have

W, 9) i) = (MnR(T00), @) @) = (R(T00), P)r()-
Thus, gbi"” is the unique element in X, satisfying (4.12). Also, note that

(D, QmT9i)H1(q)- = (RQmT: i, RD)m(q)
= (ImR(Tz91), RP) 11 (0)
= (ImR(Tz¢1), ImRP) g1 (q)
= ", ) ),

where ¥ := I1,,R® ¢ X,,. Then for every ¢ € X,, we have

(P 9) () = (InRD, @) gi(q) = (RD, @) g1 (q)-
Thus, W™ is the unique element in X, satisfying (4.13). O

Let Qi : HY(Q)* — H'(Q)* be the orthogonal projection as in Lemma 4.6. Then for every ¢ € H'(Q) we have

(PnT;QmT:Pno, PYHI(Q) = (T;QmT.Pno, Prop)m ()
=(QmT;Pno, Tan(p>H1(Q)*
=(QmT.Pro, QmTan(l))Hl(Q)*-

Thus, P, T; QmT.Py : H 1(Q) — HY(Q) is a positive self adjoint operator so that equation (4.10) has a unique
solution in X,.
Now, we deduce the result that we promised.

=(n,m)  _

Theorem 4.8. Let q := [q1, ..., qn]T be the solution of the matrix equation (4.15) and let Gz’ =Y, qiPi.
Then g™ satisfies equation (4.18).

~(n,m)

Proof. Observe first that equation (4.18) with g, ; ~ € X is the same as
((PaT; QmTzPn + aln)qes™, 91 (@) = (PnT; Qm®, @)y, i=1,...,n.
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But,
((PaT:QmToPn +al)gyy™, i) may = (PuT:QuT-a8%™, 0idmi) + 2(@es™, 0i) @)
= (QmT25%", QuT2Pa@id iy + a(@es™, 01 i)
and

(PnT;Qm®, @i) 1) = (P, Qm T Qi) H1(q)- -

Writing giy™ := Y71 gjpj, we have

n
(Qm Tzflgxr,l’zm), QmT:Pn@i)m() = Z 3i{QmT20;, Qu T i) i1 (Q)- »
j=1

n
(5122’2"[), P H(Q) = z qi{Pj, PiYHL(Q)-
j=1

Thus, in view of Theorem 4.7,

n n
((PnT;QmT:Pn + aDgys™, 9idma) = y g™, l/J](-m))Hl(Q) +a ) qi{@j, P @

i =1
and
* X _ (m) (m)
(PuT;Qm®, 0idm) = (¥; Y™V,
where l/)i"”, for k=1,...,n, and ¥ are in X,, satisfying (4.12) and (4.13), respectively. Therefore, the
operator equation (4.18) is equivalent to the matrix equation (4.15). O

4.3 Error estimate for the modified approximation

Theorem 4.9. Let Q : H(Q)* — HY(Q)* be the orthogonal projection from Lemma 4.6 and let qg’f;m’ be as
in (4.14) or, equivalently, the solution of equation (4.18). If &, > 0 and &, > O are such that

IT:(I = Pp)l < &n, 1= Qm) Tl < Em,

then
(6+é&n+Em)

. 4.19
Va gl () (4.19)

g - a5 la ) < 19 - daullma) +

Proof. Asin Theorem 3.2 with Q,,, T, P, in place of T,, we obtain

(n, lala @ Ty = Qm T2 Pl
Iqau — a5 gy <~ ﬁ Ukl
Since
1Ty — QuTzPull < 1Ty = T2l + 1Tz = QuTzPull < 6 + 1Tz = QT Pull
and
1T, = QuTPnll = 1T, = T;Pp + ToPy — QT Pl
STy = ToPul + 1T, = QmT2|l
< &n+Em,
we have
1Ty — QuT.Pull < 6+ €n + Em.
Thus,
(n, gl Q) (8 + &n + Em)
Iqau — a5y < —— = .
From this we obtain (4.19). O
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Remark 4.10. By the assumptions (4.10) and (4.16) (see also Lemma 4.6) on (P,,) and (II,,), respectively, we
know that | T, - T,P,| — Oand |T, - Qn T, — 0as n, m — co. Therefore, (¢,) and (&,,) in Theorem 4.9 can
be assumed to be such that e, — Oand &,, — 0as m, n — co. Under this assumption, for § > Olet ng, ms € N
be such that

en+&n<6 foralln>ns, m>ms.

Thus, by Theorem 4.9 we have
~(ns,ms) 26
_ 1 S — 1 + — 1 .
19— Ga,2 " @) < 19 — qu,alla @) \/allan Q)

As mentioned in Section 3, we may recall from the theory of Tikhonov regularization (cf. [7, 15]) that
lg - qa,ullmi) — 0 asa— 0.

Thus, for an appropriate choice of the regularization parameter a, say a := as, which satisfies 6/+/as — 0 as
6 — 0, we have
~(ng,ms)

g - Gasr “llH1(Q) =0 asé — 0.

From the theory of Tikhonov regularization (cf.[7, 15]), it follows that further regularity assumptions on the
solution g lead to order optimal error estimates with respect to certain source sets. For example, if g belongs to
the range of ¢(T;; T,,) for some continuous function ¢ : (0, co) — (0, co) with limy—,o ¢(A) = 0, and if as > O
is chosen a priori by the requirement § = co+/asp(as) for some ¢y > 0, then

lg - a8s™ I o) = O(¢(as)).
Some of the standard forms of ¢ that occur in the literature on ill-posed operator equations are
o) =1, O<v<il

and
¢d(A) :=[log(1/M)]P, p>O0.

(See [17, 18, 23].) There are many a posteriori choices of the regularization parameter which exist in the
literature (see [7, 8, 15, 18]), including the recently introduced balancing principle (cf. [9, 16]) which can be
applied to obtain the above order optimal rate.

Remark 4.11. Let us note that our problem involves perturbation of the operator T, and that we have found
an estimate for the error in the solution which occurs due to this perturbation. This is in contrast with reg-
ularized projection methods applied to ill-posed operator equations in the general setting such as those
considered in Plato and Vainikko [20], George and Nair [8] and Mathe and Pereverzev [13], where noisy data
corresponds to perturbations in the right-hand side of the operator equation. Thus, though the formulation
of the regularized equation in the finite-dimensional setting is similar to that of [8, 13, 20], the respective
results cannot be compared.

5 Smoothing

Our hitherto analysis involves the perturbed data z to be in W'*(Q) and the error in the data is measured
with the norm in W (Q). However, in practical situations, it is too much to demand that the noisy data z is
in W% (Q); one may only have z € L?(Q). To take care of such cases, we may follow a “smoothing procedure”
described as in [11] by using a Clement operator (see [6]), with some additional assumptions on Q and the
data u.

Let u be defined as in Section 3, that is, u € W*°(Q) is such that the operator equation (2.2) has a unique
solution g € H. Along with this, we shall also assume that u € H*(Q). Let z € L?(Q) be the perturbed data
such that

llz = uIILz(Q) <é. (5.1)
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We intend to find an element Z € W% (Q) which is a “smoothed version” of z so that we can use the analysis
that we carried out so far. For this, we assume that Q is a polygonal domain in R? and we have a quasi-uniform
triangulation of Q (cf. [22]), that is,

min @ =Yys=VYo >0, (5.2)

Get

where h is the mesh size, 7 is the set of all triangles G in the triangulation of Q, d(G) is the diameter of
the largest disc contained in G, and yy is a constant. Let IT be a Clement operator (see [6]), which takes the
elements of L%(Q) to the space of all polynomials of degree less than or equal to 3 on this triangulation. Then
we claim that Iz is our desired Z. First we observe the following result (see [6, 11] for its proof).

Lemma 5.1. Forany v € L*>(Q) we have Ilv ¢ WH*(Q) and
lv-TviL2q) < Cillviiza(q) (5.3)

for some constant C, > 0. Further, if v € H*(Q), then

lv-Tvlms ) < Cohlviigs(q) (5.4)
for some constant C, > 0.
The following result is crucial.
Theorem 5.2. Forevery v € H*(Q) we have

v - TIvlwreo(qy < CohllViige),
where Cq > 0 is a constant.
Proof. Letv € H*(Q). Since H*(Q) < H3(Q) by a Sobolev imbedding theorem (cf. [21, Corollary 7.19]),
v -Ilviwreq) < C3llv = TIv]igs (),

where Cs is a positive constant. Thus, using (5.4), we obtain the required estimate with Cy = C3C>, with C;
asin (5.4). O

The following lemma, which will be used to prove our next theorem, is a consequence of one of the inverse
inequalities in [2] (see also [3]), namely,

Iwllwmag) < (diam(G))"m+2mn{0-Q/a=1PH |y |y 6y (5.5)

forany w € Px(G) withk e N,m,n e NuU {0}, m,n < k,and 1 < p, g < co, where G is a triangle in 7, diam(G)
is the diameter of the triangle G and P (G) is the space of all polynomials up to degree k restricted to G, with
the convention that 1/00 = 0.

Lemma 5.3. Forany G € T and v € L?>(G) we have

1
ITIVIwreog) € ———— IMVIiL2(6),
VO Gam@G)?
where diam(G) is the diameter of the triangle G.
Proof. The result follows from (5.5) since IIv € P3(G) by takingm =1, g = co,n = 0, and p = 2. O

Theorem 5.4. Let v € L2(Q). Then
C
IVl < 33 Vi),
where C4 := (Cq + 1)/y(2) with yo and Cq are as in (5.2) and (5.3), respectively.
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Proof. Let G be a triangle in the quasi-uniform triangulation 7 of Q. Then, by Lemma 5.3 and the fact that
diam(G) > d(G) = hyo, we have

TV () < ITIviir2(6) < ITIvIi2(c).

1
(diam(G))2 h2y3

Also, by (5.3),
ITIvIz2) < 1T = TDViirz) + VL2 < (C1 + DVl ().
From the two inequalities above we obtain

1 (C1+1)
Iv|wieoq) < max||IIv|wieog) < max|Ilv < IIv < —7v .
TVl W) nax ITIv[weo () ny 0 ITIVIr2(6) hy2 ITIvIiz2(q) ny2 Iviz2o)
Thus, we obtain the required estimate with C4 = (C1 + 1)/ yé. O

Now, we derive an estimate for |lu — I1z|| 1. () under the assumption (5.1).

Theorem 5.5. Letu € H*(Q) and z € L*(Q) be the exact and noisy data, respectively, such that |u — zlr2q) < 6.
Then

6
u - Tzlwroey < C(Rluleo) + ﬁ),
where C := max{Co, C4} with Co and C4 as in Theorem 5.2 and Theorem 5.4, respectively.

Proof. Using the estimates in Theorem 5.2 and Theorem 5.4, we have

lu - zllwreoq) < llu = Mullwreqy + ITI(u = 2)[lwreoq)
Cy
< Cohllullgsq) + Fllu = ZllL2(q)

6
< (il + 33 ).
where C := max{Cg, C4}. O

Now, taking Z := I1z instead of z, we carry on with the analysis as in Sections 3 and 4 with

- 6
B += C(lulleco) + ) (5.6)
in place of 6 there. Thus, from Theorem 4.9, we obtain the following theorem.

Theorem 5.6. Let Q,, and Py, be the orthogonal projections as defined in Section 4. Let f]fxrf’zm) beasin (4.14).If
en > 0 and &, > 0 are such that

ITz(I = Pp)ll < €n, 1= Q) Tzl < Em,

then B
~ (n,m) (O +en+&m)
la-a,; @) <19 - qaullao) + ||CI||T,
where &y, is as in (5.6). In particular, the following hold:
(i) Ifh = 63, then
~ (n,m) , (h+en+Em)
lg—ay; lH) <19 - daullmo) + Cq,uT'
(i) Ifh ~ 8/3, then
1/3 2
- (n,m) n (677 +&n+Em)
la-a,; o <19 - qaullao + Cq,uT'
Here, C;’u and C;”u are positive constants independent of h, n, m, a, 6.

Remark 5.7. It is apparent that the error estimate in Theorem 5.6 for the noisy data z € L2(Q) is not as sharp
as that in Theorem 4.9 under the stronger assumption z € W*(Q), although the smoothing process of z
requires additional requirements on u and Q. This observation calls for further investigation of the problem
while dealing with the noisy data.
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